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PREFACE. 

The present volume contains the first two parts of 
a work which the author hopes to finish, on the Ele- 
ments of the Theory of Numbers, the remaining three 
parts being devoted to Rational Numbers, Real 
Numbers, and Complex Numbers, respectivly. 

The book has sprung from a desire to put the ele- 
mentary theory of numbers in a logical form, starting 
from the three fundamental ideas of number, equality 
and sum, with their axioms, building up a system of 
theorems on these fundamental ideas, and then, by as 
natural a process as possible, introducing the derived 
ideas of greater, less, difference, integer, product, 
•quotient, and so forth. 

Joseph Bowden. 

Brooklyn, New York, 
January 3, 1903. 
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PART I. 

PRIMARY NUMBERS. 

CHAPTER I. 

FUNDAMENTAL IDEAS. AXIOMS. DEFINITIONS. NUM- 
BER. EQUALITY. ADDITION. 

1. The concept of number, in its simplest and origi- 
nal sense, is a fundamental concept. It is incapable 
of definition, that is, it cannot be exprest in terms 
of ideas simpler than itself. 

The concept is aroused in the mind by the consid- 
eration of groups of objects, material or mental Q), like 
or unlike. To every group of objects (^) belongs a 
number, the number of objects in the group. 

2. To every single object, also, a number belongs, 
the number one. 

8. Altho the word group refers properly to a col- 
lection of objects, we will, for the sake of brevity, use 
it to represent either a single object or many objects. 



(*) See Locke, **An Essay Concerning Human Understanding," 
1690, Bk. 11. , p. S4; Schubert, << Encyklop&die der Mathematischen 
Wissenschaften," 1898, Vol. I., p. I. 

(') See Lefevre, " Number and its algebra," 1896, p. 19 ; Stieltjes, 
Annales de la Faculti des Sciences de Toulouse^ 1S90, Vol. IV., p. I. 
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4. Ifotation. Each number, like any other idea, 
mav be £riven a name (*), Thu55 we hav the numbers 
one, two, rive. Numbers may aiso be represented hy 
symbols, as 2, 7, 9. 

Frequently we shall hav occasion to make a state- 
ment that is true of all numbers. In this case let- 
ters (^) of the alphabet will be used, each to represent 
any number we choose to consider. If a particular 
letter occurs more than once in a statement, it will each 
time stand for the same number. 

6. Definition. The numbers of objects in two 
groups may, or may not, be the same. In this idea 
of sameness between two numbers we hav another 
simple, or fundamental concept. To it we giv the 
special name equality, to distinguish the sameness 
between numbers from the sameness between other 
things. 

If the numbers of objects in two groups ar the 
same, they ar said to be equal (^). Representing these 
numbers by a and 6 respectivly and using the sign 
= for the words "is equal to (*),'* we may write this 
statement of equality a = d. 

(*) See Ball, "A Short Account of the History of Mathematics, '^ 
1893, p. 123. 

(*) Letters were sometimes used in this way to represent numbers by 
the ancient Greeks. The first modern European mathematician to use 
letters for such a purpose was Jordanus Nemorarius, ** Algorithmus 
Demonstratus," 1534. See Schubert, **Encyklopadie,'' p. 5. 

(8) See Tannery, " Lemons d' Arithm6tique,'* 1900, p. 3. 

(*) The sign = seems to hav been used for the idea of equality first 
by Record, "Whetstone of Witte,*' 1557. 
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The expression a = d is calld an equality and is 
read " a is equal to 6 *' or " a equals 6,** It is merely 
an abbreviation for the statement : The number of 
objects in the first of the two groups under considera- 
tion is the same as the number in the second. 

The number on the left of the = sign is calld the 
left or first member of the equality, the other number 
the right or second member. 

If a is not equal to 6, we write a :^ 6. This expres- 
sion is calld an inequality. 

6. Axiom. Any number is equal to itself Q), 
In symbols \ a^ a. 

A longer statement of the same principle is : The 
number of objects in a group is the same as the number of 
objects in that group. For example, 2=2, 6=6, 9 =9. 

The mind grants the truth of this principle as soon 
as it grasps the meaning of the words in which it is 
stated. All such principles, with a restriction to be 
given later (§ 10), ar calld axiom8(^. 

7. Axiom. If a ^ by then b = aJl^\ 

In words : If the number of objects in a group is the 
same as the number of objects in a second group, then 
the number of objects in the second group is the sante as 
the number of objects in the first group. 

This principle also is axiomatic. It may be calld 
the Commutativ Law for Equality. 



(1) See Stolz und Gmeiner, ** Theoretische Arithmetik,** 1900, p. 2. 

(*) See Jevons-Hill, "Elements of Logic," 1883, p. X12. 

(') See Schubert, ** Encyklopadie,'* p. 5 ; Stolz und Gmeiner, p. 2. 
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8. Theorem. If a ^ b^ then b ^ a. 

For it follows directly from § /that, if b^a, then 
a=^b. 

In words this says that ** if a first number, which 
we call by is not equal to a second number a, then 
the second number a is not equal to the first num- 
ber br 

If we call the first number a instead of ^, and call 
the second number ^, this statement will be : If 
a ^ b, then b z^ a. 

9. Definition. In the last two articles we hav stated 
two truths, each of which is as axiomatic, in the sense 
of § 6, as the other and each of which follows as a 
logical consequence from the other. It is customary 
in such a case not to call both of the truths axioms, 
but to call one an axiom and the other a theorem. 

10. Definition. In general, if for any subject ther 
is a group of several axiomatic principles, of which 
one or more is a consequence of one or more of the 
others, it is customary to choose from this group a 
smaller group, such that no one of the principles in 
the smaller group is provable from one or more of 
the others in that group. 

The axioms of the smaller group ar then said to 
be independent Q) of each other. 

(*) See Hilbert, *'The Foundations of Geometry," translated from 
the German by Townsend, 1902, p. i ; Moore, Transactions of the 
American Mathematical Society y 1902, Vol. III., p. 142 ; Hunting- 
ton, Transactions of the American Mctthematical Society ^ 1902, VoL 
III., p. 264. 
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The chosen group must also be such that all the 
other principles in the given group and all other 
known principles in the subject under consideration 
shall be logical consequences of the axioms in the 
smaller group. 

The axioms of the smaller group ar then said to 
be sufficient for the subject under consideration. 

Usually the choice of the smaller group can be 
made in several ways. An endeavor should, however, 
be made to hav the axioms which are chosen as simple 
in statement and as few in number as possible. 

If ther is no choice in these respects, or if these 
two requirements conflict with each other, the choice 
is made arbitrarily. 

We then hav what is calld an independent and 
sufficient group of axioms for the subject under con- 
sideration. 

Whether the axioms that will be set up in this 
chapter constitute an independent and sufficient group 
is left for future discussion. 

That these axioms ar consistent, or compatible (^), 
with each other, that is, not contradictory, is evident 
from the fact that they ar all true of the system of 
numbers. 

11. Definition. A theorem is a principle whose truth 
follows as a logical consequence from the axioms 
chosen. 



(*) See Hilbert, Bulletin of the American Mathematical Society, 
1902, Vol. VIII., p. 447. 
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Thus of the given group of principles mentiond in 
§ lo all those except the ones chosen for the inde- 
pendent and sufficient group of axioms ar theorems. 

12. We will insert here a few principles of logic that 
will be useful in our future work. 

Definition. Statements (*) ar either unconditional or 
conditional, the former being calld also categorical 
statements. 

A categorical statement may be represented sym- 
bolically by the form " A is B,'' 

Conditional statements ar of two kinds, hypothetical 
and disjnnctiv (*). 

A hypothetical statement may be represented by 
the form '* If A is B, then C is D'* It consists of 
two parts, a hypothesis and a conclusion. The hy- 
pothesis is the clause introduced by the word "if/' 
the conclusion the clause introduced by the word 
" then." 

A disjunctiv statement may be represented by the 
form '* Either A is B, or Cis D {y 

13. Definition. The contradictory (*) of a statement 
is a statement to the effect that the given statement is 
false. 

Thus the contradictory of the categorical statement 
'' Ais B " is the statement " A is not B:' 



(1) See Jevons-Hill, pp. 66, 67. (*) See Jevons-Hill, p. 150. 

(') See Jevons-Hill, p. 156. 

(*) See Jevons-Hill, p. 83; Wentworth, "Plane and Solid Geom- 
etry,*' 1901, p. 5. 
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The contradictory of the hypothetical statement 
" If A is B, then CisD'' isthe statement " UA is B, 
then C is not D," 

The contradictory of the disjunctiv statement 
" Either A is B, or C \s D " is " Neither A is ^, nor 
C is /?/* which is equivalent to " -^4 is not B and C is 

not d:' 

14. Axiom. Evidently a statement and its contradic- 
tory cannot both be true, 

15. Axiom. The contradictory of the contradictory of 
a given statement is the original statement. 

Thus the contradictory of the contradictory of the 
statement " -^ is -ff " is the statement ** A is not not 
B;' or " A is Br 

16. Definition. The opposit of a given conditional 
statement, hypothetical or disjunctiv, is a conditional 
statement of the same kind, whose parts ar respec- 
tivly the contradictories of the parts of the given 
statement. 

Thus the opposit of the hypothetical statement 
"If ^ is B, then C is D'' is the statement "If-^4 is 
not B, then C is not D^ 

The opposit of the disjunctiv statement *' Either-^ 
is B, or C\^D '* is the statement " Either A is not j5, 
or C is not Z>." 

17. Theorem. The opposit of the opposit of a given 
conditioned statement is the original statement. 

This follows immediately from §§ 15, 16. 
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18. Definition. Statements ar simple or componnd (^). 
A simple categorical statement is of the form *'A 

is b:' 

A compound categorical statement consists of two or 
more simple categorical statements, usually connected 
by the word " and." Thus '*A is B znd Cis D " is a 
compound categorical statement. 

19. Axiom. The contradictory of the compound cate- 
gorical statement **Ais B and C is D** is the disjunctiv 
statement ^^Either A is not B^ or C is not D^ 

20. Definition. A simple conditional statement is of 
one of the two forms ** If A is B^ then C is D'' and 
" Either A is B, or C is Dr 

A compound conditional statement, hypothetical or 
disjunctiv, is a conditional statement of the same kind, 
of which either the first or the second part is com- 
pound. Thus the statements " If -^ is -ff and C is D^ 
then E is F;' " If A is B, then C\sD and E is p;' and 
" If -4 is ^ and 67 is D, then ^ is F and G^ is H'' ar 
all compound hypothetical statements ; the statement 
" Either A isB and C is JD, or E is F and G is II*' is 
a compound disjunctiv statement. 

21. Definition. The converse (^ of a given hypothet- 
ical statement is a hypothetical statement whose hy- 
pothesis is the conclusion of the given statement and 
whose conclusion is the hypothesis of the given state- 



(1) See Swinton, "New English Grammar," i88i, p. 2ii. 

(2) See Wentworth, p. 5. 
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ment. Thus the converse of " If A is B, then Cis D'' 
is "If C is A then ^ is 5/' 

To distinguish a given hypothetical statement from 
its converse, the given statement is calld the direct 
statement. 

22. Axiom. The converse of the converse of a given 
hypothetical statement is the original statement. 

23. Axiom. The converse of the opposit of a given 
hypothetical statement is the opposit of the converse of 
that statement. 

24. Axiom. If a hypothetical statement is true^ the 
opposit of its converse is true. 

Thus, if the statement " If A is B, then C is Z> " is 
true, so also is the statement " If C is not D, then A 
is not B:' 

25. Theorem. If the opposit of a given hypothetical 
statement is true^ its converse is true. 

This follows directly from the preceding. 
Thus, if the statement " If -^ is not B^ then C is not 
D " is true, by § 24 we hav " If C is D, then A is j5." 

26. Theorem. If the converse of a given hypothetical 
statement is true^ its opposit is true. 

Thus, if the statement '* If C is D, then A is B'* is 
true, so also is the statement " If -^4 is not B, then C is 
not n.'' 

27. The theorem of § 8 follows from the axiom of 
§ 7 by the application of the logical rule of § 24. 

28. Corresponding to every hypothetical statement 
ther ar three others, its opposit, its converse, and the 
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opposit of its converse. We will number these as 
follows : 

1. Given statement. 

2. Its opposit. 

3. Its converse. 

4. The opposit of its converse. 

These four statements may be groupt in pairs, i 
and 4 together and 2 and 3 together, so that, if either 
one of a pair is true, the other one of that pair is also 
true. We may say that i and 4 ar equivalent to 
each other and 2 and 3 equivalent to each other. 

29. If a hypothetical statement is true, its opposit 
is not necessarily true. Thus, if the statement " If 
A is B, then C is D'* is true, so may also be the 
statement "If -^ is not B, then C is D,*' that is, the 
statement " If -^ is not B, then C is not D'* may not 
be true. Similarly, if a hypothetical statement is true, 
its converse is not necessarily true. 

80. Any hypothetical statement of the form "If 
A is B, then Cis D*' and its equivalent " If C is not 
D, then A is not B'* ar equivalent to the disjunctiv 
statement " Either A is not B, or Cis D,'* 

Similarly any disjunctiv statement of the form 
" Either A is B, or Cis D'' is equivalent to either of 
the hypothetical statements **!{ A is not B, then C is 
D'* and " If Cis not D, then A is B^ 

81. By replacing the disjunctiv statement " Either 
A is B, or C is D'' by its equivalent hypothetical 
statement, it is plain that, if this disjunctiv statement 
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IS true, the statement " Both A is B and C is D" 
may also be true. 

If, however, the opposit disjunctiv statement " Either 
A is not B, or C is not Z> " is true, then only one 
of the statements ** A is B*' and " C is V can be 
true. We can in this case say that " If A is B^ 
then C is not D'' and that "If C is D, then A is 
not Br 

When the given disjunctiv statement and its oppo- 
sit ar both true, we can say that one, and only one, 
of the statements *' A is B'* and ** Cis D** is true. 

32. Definition. A partial converse of a given com- 
pound hypothetical statement is a hypothetical state- 
ment whose hypothesis contains one of the clauses 
of the conclusion of the given hypothetical statement 
and whose conclusion contains one of the clauses of 
the hypothesis of the given statement. 

Thus a partial converse of the statement **\i A is B 
and C is D, then E is i^and G is H*' is the statement 
" li EisF and A is B, then C is D and G is W 

33. We will now resume our discussion of the theory 
of numbers with the remark that the equality ^ = ^ is 
an illustration of one of the chief causes for the great 
growth of the science of mathematics. This is that 
mathematicians have gradually developt a system of 
symbols by means of which the most complex mathe- 
matical ideas may be represented in a clear, compact, 
unambiguous form, so that the meaning is apparent at 
a glance. 
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34. Axiom. If a=^b and b= Cy then a = r(*). 

In words : If the number of objects in a group is the 
same as the number of objects in a second group and the 
latter 7iuffd)er is the same as the number in a third 
groups then the number in the first group is the same 
as the number in the third group. 

Stated in this form the truth of this principle is self- 
evident. 

This axiom is usually stated : If two numbers ar 
equal to the same number^ they ar equal to each 
other. 

36. Theorem. If a — b and b ^ c^ then a 4= c(^). 

For, by § 24, it follows from the preceding axiom 
that, \i a ^ c, then either a ^ b or b ^ c, § 19. 

This is equivalent to the statement : 

li a=^ b and a ^ c, then b ^ c, § 30. 

Or, i{ b=za and a ^ c, then b ^ c, § 7. 

From this, interchanging the letters a and b^ we get 
the theorem. 

36. Theorem. Generalization of § 34. If we hav 
a series of equalities in which the right member of each 
equality y except the last^ is also the left member of the 
succeeding equality , as a = by b =^ c^ c = dy d=^ ^, • • • , 
ary for the sake of brevity y ^ = ^ = ^=:rf=^=..., 
(the dots • • • meaning " and so forth,** that is, that 
ther may be any number of equalities in the series), 

(*)See Schubert, " EncyklopEdie,'* p. 6; Stolz und Gmeiner. 
p. 2. 

(') See Jevons-Hill, pp. io8, 109 ; Stolz und Gmeifcer, p. 2. 
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then any number in the series is equal to any other num- 
ber in the seriesQ), 

If the two numbers to be shown equal ar next each 
other in the series, ther is nothing to prove ; they ar 
given equal. If ther is one number between them, 
as is the case with b and rf, they ar equal by the 
axiom, § 34. 

Consider b and e, which hav two numbers between 
them. By the axiom b = d. Then, since we hav 
b = d r= e, by applying the axiom again, we see that 
b = e. 

So, if ther ar k numbers between the two num- 
bers required to be proved equal, by applying the 
axiom once, one of the intermediate numbers disap- 
pears ; by applying it k times all ar removed. 

87. Definition. If we join two groups of objects 
so as to form a single group, the number of objects 
in the group thus formd is calld the sum Q of the 
numbers of objects in the two original groups. 
The latter numbers are calld the elements of the 
sum. 

If the elements of a sum ar a and b, we will repre- 
sent the sum itself by the symbol a -f- b(^). This is 
read ** a plus ^,'' the sign + standing for the word 
" plus." 

(') See Stolz und Gmeiner, p. 2. (■) See Tannery, p. 5. 

(») The sign + was used by Widman in his ** Mercantile Arithmetic,** 
14S9. It has been conjectured that the sign was originally a warehouse 
mark. The first use of this sign to indicate a sum was in StifePs 
"Arithmetica Integra,'* 1544. 
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38. Theorem. If c is the sum of a andb, then c^=a+6. 

For c and a + d each represent the number of ob- 
jects in the group obtaind by joining two groups of 
a and d objects respectivly. § 37- 

Hence, since the number of objects in any group is 
the same as the number of objects in that group (§ 6), 
c is the same 2is a + d, or c = a +6. § 5. 

39. Definition. An expression or symbol that has 
only one meaning is calld determinate, nnivalent, or 
unambiguous. 

40. Axiom. The sum a + b of two given numbers is 
univalent. 

It is evident that the number of objects in the group 
obtaind by making a single group of two given 
groups of objects is determinate. 

41. Axiom. a + b=s b + a (^). 
For example, 6 + 7 = 7 + 6. 

The expressions a + b and b + a are two symbols 
representing the same idea, the number of objects in 
the group obtaind by joining two groups of a and b 
objects respectivly. The numbers ^ and ^ hav the 
same weight in determining the new number, their sum ; 
they ar merely written in different order in the two 
expressions a^ b and b + a. 

This axiom is calld the Commutativ(^ Law for 
Addition. 

(1) This axiom seems to hav been noticed first by Gregory, ** On a 
Difficulty in the Theory of Algebra," 1840. 

(') The word commutativ as a mathematical term was first used by 
Serrob, Gexgorm^ ^ AnnaUs^ 1S14, Vol. V., p. 98. 
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42. DefinitioiL In the idea of joining two groups 
of objects to form a single group, we hav a fundamental 
idea. This idea may fittingly be calld an operation. 
For it is the concept of an action, the joining of two 
groups of objects, by either a physical or a mental 
effort To distinguish it from other operations we 
will call it the operation of addition Q). 

The sum a+6o{ two numbers is, then, obtaind by an 
operation. The sum may be calld the result of the oper- 
ation ; the numbers a and d the snmmands, or operands, 
the things operated on ; and the sign + maybe regarded 
as a symbol to indicate what operation is performd. 

The operation of addition may also be considerd 
from a slightly different standpoint. We may suppose 
that the number a is first given and that writing + 6 
after a indicates that we add 6 to a. In this sense a 
is the operand, passiv (^) element, or augend (^), and d 
the operator, activ element, or increment (^). 

With this understanding the commutativ law states 
that in the operation of addition the augend and the in- 
crement may be interchanged, 

43. Axiom. If a = b, then a ^ c+ b. 

This may be seen by considering three groups of a, 
b, and c objects respectivly, the numbers of objects in 
the first two being the same. 

(') See Schubert, " EncyklopSdie,** p. 6. 

(') See Schroder, ** Abriss der Arithmetik und Algebra," 1874. 
(3) See Schubert, "Arithmetik und Algebra," 1899, p. 17. 
(^)See Schubert, <' Mathematical Essays and Recreations," trans- 
lated from the German by McCormack, 1898, p. 10. 
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This axiom might be stated : If a^=^b, then a is not 
equal to any sum of which b is the activ element 

44. Theorem. If a = c + by then a^ b. 

This follows immediately from § 43 by the applica- 
tion of the rule of § 24. 

45. Axiom. If a ^ b, ther is some number c, such 
that either a = c + borc + a==b, 

46. Axiom. If a =b, then a + c= b + c. 

This axiom might be stated : If for the passiv ele- 
ment of a sum an equal number is substituted^ the sum 
is unchanged, 

47. Axiom. If a^ b, then a + c ^ b + c. 

48. Theorem. Ifa + c-=b+c, then a = b. 

This comes immediately from § 47 by the rule of 
§24. 

This theorem might be stated : If the activ elements 
of two equal sums ar the same, their passiv elements ar 
equal. 

49. Theorem. If a^b, then c + a = c + b; and 
conversely, if c + a = c + b, then a=: b. 

For the direct theorem, 

we hav c + a = a + c. §41. 

Also, since a=b, a+c^b + c. § 46. 

Again b + c = c + 6. §41. 

Therfor c + a = c + 6, § 36. 

For the converse theorem. 
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we hav a + c^c+a §41. 

and, by hypothesis, 

c + a = c + 6. 

Also c + 6 = 6 + c. §41. 

Hence a + c = 6 + c. § 36. 

Therfor a ^6. § 48. 

This theorem might be stated: If for the activ ele- 
ment of a sum an equal number is substituted, the sum is 
unchanged; and conversely , if the passiv elements of two 
equal sums ar the same y their activ elements ar equal. 

60. Theorem. If a=b and c = d, then a+ c^ 
b + rf(^)/ and conversely, ifa + c=^b + d and c== d, 
then a^b ; ifa + c— b + d and a-=b, then c = d. 

For the direct theorem, 

since a=i b, a + c= b + c. § 46. 

Since c = d, b + c = b + d. § 49. 

Therfor a + c = b+ d. § 34. 

This theorem is usually briefly stated : Equals added 
to equals giv equals. 

For the first part of the converse theorem, 
we hav, by hypothesis, 

a'\- c^=b •\' d. 



(1) See Stolz und Gmeiner, p. 38. 

2 
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Since c^= d^ 6 + c= 6 + d. § 49. 

Hence a + c=:6 + c. §§7, 34.' 

Therfor ^^ = ^. § 48. 

Similarly the second part of the converse theorem 
may be proved. 

It will be noticed that the path taken for the proof 
of the converse theorem is exactly the reverse of that 
taken for the proof of the direct theorem. Such is 
frequently the case. 

This theorem might also be stated : If for the ele- 
ments of a sum equal numbers ar substituted, the sum 
is unchanged; and conversely, if either the activ or the 
passiv elements of two equal sums ar equal, the other 
elements ar equal, 

51. Definition. Snccessiv Addition. After adding 
two numbers we may add their sum to a third, that 
sum to a fourth number, and so on. In order to in- 
dicate in what order the additions ar performd we will 
use parentheses (), [], or { }. The latter two kinds 
of parentheses ar also calld respectivly brackets and 
braces. Thus we may hav (^ + ^) + c, the parenthe- 
sis enclosing a •\-b signifying that the sum a-\- b\s 
formd first and then c is added to that sum (^). 

Similarly we may hav ((^ + ^)+ ^)+ d,a'\-{b-\- c), 
[a+{b + c)] +d,a+ {{b + c) + d}, (a + b) + (c+dl 
etc. 

All such expressions ar univalent. 

(1) Parentheses were first used by Girard, 1629. 
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For addition is univalent. § 40. 

Hence every expression obtaind by repeated addi- 
tion is univalent. 

Such expressions ar calld complex sums. The num- 
bers Uy by c, "- y {yotsi which a complex sum is formd, 
ar calld its elements. 

For the sake of distinction a sum that has only two 
elements is calld a simple sum. 

52. Theorem. Jf for one or more elements of a com- 
plex sum equal numbers ar substituted^ the complex sum 
is unchanged{^\ 

This follows from §§46, 49, 50. 
For in building a complex sum we add only two 
numbers at a time. 

53. Definition. The standard sum of a series of 
numbers in a fixt order is the sum obtaind by adding 
the second to the first, the third to that sum, the fourth 
to that, and so on. 

For example, a '\- by{a -\- b^ + c, {{a + b) + c) + d^ 
{{{a + b) + c)+ .•• + /) + ^ ar standard sums ; wheras 
\a + b) + {c + d) and a + {{b + c) + {d + {e +/))] 
ar not. 

54. Axiom, {a + b) + c=^ a+ {b + c){^. 

This principle becomes evident if we consider three 
groups of ay by c objects respectivly. In whichever 
of the two indicated ways the groups ar joind, the 
final group is the same. 



(') See Stolz und Gmeiner, p. 38. 

(*) This axiom seems to hav been noticed first by Gregory. 
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This axiom is calld the Associativ Q Law for Addi- 
tion. 

By this law, in connection with the commutativ 
law and §§ 46, 49, we may prove the following series 
of equalities : (a+ ff) + c = a + {6 + c)=: a+ (c + d) 
= {a + c) + 6 =^ 6 +la + c)=={6 + a) + c= 6 + lc + a) 
= (6 + c) + a = c+ {a + ff)^{c+ a) + 6 ==c +{6 + a) 
^{c+6) + a. 

66. We now proceed to generalize the associativ 
law for addition in the following theorem. 

Theorem. If the order of the elements of a complex sum 
be keptfixty its parentheses may be changed in any way, 

I. The sum of a standard sum and a single num- 
ber is a standard sum. Thus the sum of ((^ + ^) + 
c)-\-d and e is (((^ + ^) + ^) + rf) + ^. 

II. We will now show that the sum of a single 
number and a standard sum is equal to the standard 
sum of the numbers involvd written in the same order. 

Let the given sum be 

^ = ^ +{([(* + ^) + ^] +••• + + '^}- § 6. 
Set /= ([(^ + ^:) + ^] + . . . + i) + k. 

Then j = ^ + /. §§49,34. 

Set m for all of / except the last element k, so that 

/«= [(* + r) + rf]+ h ^'. 

Then I =m + k. 

And s = a + {m + k). 

(^) The name "Associativ Law" was given by Wm. Rowan Ham- 
ilton, TByXor^ s Philosophical Magazine^ iS44» p. 246. 
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By the associativ law this givs 

s ==^ (a + m) + k. 

We thus hav k written in the proper place for the 
standard sum. 

Now consider a + m. Setting n for all of m except 
the last element /, so that 

n= [{lf + c) + d] + . . . 

and m = n + i, 

we hav a + m=:a + {n + i) = (a + n) + t 

and s = (a + m) + k = ((a+ n) + i) + k. 

We may continue this process until the letter that 
stands in the inner parenthesis with a represents only 
a single element 

Thus 

s= {{\{a + b) + c'] + rf) +... + /} +>&. 

The proof is, then, complete and s is shown to be 
equal to the standard sum of its elements, written in 
the same order. 

III. We will next show that the sum of two stand- 
ard sums is equal to the standard sum of all the num- 
bers involvd, written in the same order. 

Consider the sum 

+ {([(^ + >^) + ^*] + • • • +0 + W- 
If we set 
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n = (l(a + 6) + c] + * '- + e) +/, 
so that 

•^ = « + {([(^ + ^) + ^1 + • • • + ^) + ^«}t 
we can prove in the same way as befor that 

s= {([(«+^) + A] + i) +,., + /} + m. 
Substituting for n what it represents, we hav 

4- + \- ^} + tn. 

IV. Next consider any complex sum whatever. 
This must be built up from a number of simple sums 
by adding these sums to single elements or to each 
other. Each of the simple sums we start with is a 
standard sum and therfor, by what has been proved 
above, the sum obtaind at any step of the process is 
equal to the standard sum of the same elements, writ- 
ten in the same order. Therfor the complete sum is 
equal to the standard sum of its elements, written in 
the same order. 

No matter, then, how the parentheses ar arranged, 
the given complex sum is equal to the standard sum 
of the same numbers, written in the same order. 
Therfor all the sums obtaind by varying the arrsmge- 
ment of the parentheses ar the same. 

66. Since a complex sum, the order of whose ele- 
ments a, 6, c, d, e, ' " is fixt, is independent of the 
arrangement of its parentheses, we may omit the pa- 
rentheses without ambiguity and speak of the sum 
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a+ b + c '\' d + e + •••, this expression being used 
to represent the sum obtaind by any arrangement of 
parentheses. 

57. Theorem. The sum of the left members of any 
number of equalities is equal to the sum, of the right 
members. 

Let a = b, c =rf, e =/, g= h,--- 

The sum of the left members is^ + ^:+^+^+ ... 

Substituting for a, c, e^ gy--- their respectiv equals 
by dyf A, . . ., we hav 

a+^ + ^+^+ ••• = * + ^+/+A+ ... §52. 

68. We will now generalize the commutativ law 
for addition. 

Theorem. In any complex sum the order of the ele- 
ments may be changed in any way. 

Let the given sum be 

and the fotm in which we wish to write it 

d •\' c '\' e •\- a + b '\' ... 
We hav 

= ((^z + . . . + ^ + h ^ + • • + ^) 

+ 1- ^ + • • • § 56. 

= (^ + (^ + • • • + ^ + h ^ -h • • •)) 

+ ... + ^4. ... §§41,46. 
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= d +((^ + • • • + ^ H ) + ^) 

4.... + ^+... §55. 

= d ■\-{c + (^ + !-*+•••))+ 1- ^ + • • • 

= rf+^ + ((^+ Vb^ ) + e)-\- . . . 

^d+ c +(^ + (^z +••• + *+•••))+•• • 
= rf+^+i? + ^ +((. . •) + ^)+ • • • 
= ^/+^ + ^ + ^+(^ + (•••))+ ••• 

69. The theorems of §§ 55, 58 may be combined 
into one as follows : 

Theorem. Generalized Associativ and Commutativ 
Law for Addition. In any complex sum the arrange-' 
ment of the parentheses and the order of the elements 
may be changed in any way. 

Or, a complex sum is independent of the arrangement 
of its parentheses and the order of its elements, 
60. Beverse of Addition. Separation into Parts. 
To get the sum of two given numbers a and b we 
joind two groups of a and b objects to form a single 
group. Reversely, having given any group of objects, 
other thcin a group consisting of but a single object, 
we can divide it into two groups, which may be spoken 
of as parts of the original group, calld the whole. 
Similarly the numbers of objects in the two partial 
groups may be spoken of as parts of the number of 
objects in the whole group, this latter number being 
calld the whole. 
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81. Axiom. Any number^ except one^ can be divided 
into two parts and is equal to the sum of those parts. 

62. Besolution into ones. Just as a number, not 
one, can be divided into parts, so each of its parts, not 
one, can be divided into parts and the process con- 
tinued until each part is the number one. We hav, 
then, the following theorem. 

83. Theorem. Any number a, except one^ is equal to 
the sum of a ones, 

64. Definition. On account of this property of the 
number one, that all other numbers are made up of 
ones, the number one is sometimes called nnity. It is 
the unit or base upon which the system of numbers is 
built. For it the symbol i is used. 

66. Definition. This property of unity may be used 
to form a system of symbols and names for numbers. 
Thus we may let 2 stand for the sum of i and i, 
3 for the sum of 2 and i, and so on ; thus 

2=1+1=1+1 



+ 1 



3 = 


12+ 1 = 


I + 


1 + 


I 


4 = 


3 + 1 = 


1 + 


1 + 


I 


5 = 


4+1 








6 = 


■5 + 1 








7 = 


:6+I 








8 = 


■7+1 








9 = 


= 8 + iC). 









§38. 

{}) For the origin of the symbols i, 2, 3, 4, 5, 6, 7, 8, 9 see Ball, 
p. 189. 
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We might continue this process as far as we chose, 
using a distinct symbol to represent the sum of each 
number and unity ; thus we might set 



Y 


2 
¥ 
5 

10 



9 + 
Y + 
+ 
XS + 
2 + 

5 + 



The numbers 2, 3, 4, 5, 6, 7, 8, 9, Y, 0, IS, 2, 
Y, 5, fO ar named two, three, four, five, six, seven, 
eight, nine, ten, eleven, twelv, thirteen, fourteen, 
fifteen, sixteen (^). 

Since any number a is the sum of a ones, it is evi- 
dent that it would hav a place somewher in such a 
series, if the series were carried out far enuf. 

66. The system of symbols and names above given 
has no rule connected with it by which the numbers 
represented by the symbols and names may be re- 
memberd. Thus, ther is no reason why the symbol 
7, or 9, should not be used instead of the symbol 5 to 
represent the number 4+1. The meanings oif the 
symbols and names must, then, be memorized out- 
right. 



(1) See Pierce, ** Problems of Number and Measure,** 1898, p. 9. 
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It IS evident that the further such a system is carried, 
the greater is the tax on the memoiy. Another sys- 
tem has therfor been devised, which avoids this diffi- 
culty. It will be explaind in a later article. 

67. Definition. The system of numbers i, 2, 3, 4, 
. . . , each of which is equal to the preceding plus one, 
is calld the natural series of numbers Q), 

68. Definition. The alternate numbers, commenc- 
ing with one, in the natural series ar calld odd ; the 
others evenQ.. Thus i, 3, 5, • • • ar odd ; 2, 4, 6, . • • 
even. 

69. Theorem. If a is any number in the natural 
series^ the numbers that immediately follow a ar a-\- i^ 
a + 2, a +j, " ' , a + n, a + (n + i), '" , where /, ^, 
J, ...,«,« + /,..• «• the natural series of numbers. 

Let the numbers that follow a in the natural series 
be /5, ^, rf, . . . , /^, /, • . • Then 

^ = ^ + I § 67. 

<: = *+ i=:(^+ i)+ i=^3; + (i + i) = ^3r + 2, 

§§67, 46, 54, 65, 49. 

rf= ^ 4. I = (^ + 2) -f I = ^z + (2 + i) = ^ + 3, 
Moreover, if 

/ = >^+ i==(a + «)+ i=<2:+(;^+ l). 
Hence the numbers 3, ^, rf^ • • • , ^, /, ... ar equal 

(') See Stolz und Gmeiner, p. 13 ; Euler, '< Elements d'Alg^bre/' 
edition of 1807, p. 7. 
(2) See Euler, p. 21. 
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respectivly to the numbers a+ i, a+ 2, a + 2, "- , 
a-\- fly a + {n+ i)y " ' In this series the numbers 
added to a ar each, after the first, obtaind from the 
preceding by adding i to it. These numbers ar ther- 
for the natural series of numbers. 

70. Definition. Correspondence. If two groups of 
objects ar the same in number, we may in thot con- 
nect each object of one group with a definit object of 
the other group. We ar then said to make the objects 
of the two groups correspond to each other. 

If one of the groups contains n objects and the 
other is the group of n numbers of the natural series 
i> 2, 3, •" ,n, then, when the correspondence is made, 
the group of n objects is said to be arranged in order. 

As outward evidence of the connection between the 
objects and the numbers, the objects may be markt 
with the symbols i, 2, 3, • • • , «. 

The object corresponding to one is calld the first 
object, the object corresponding to two, the second, 
that corresponding to three, the third, and so on, that 
corresponding to n, the nth, or last object. 

Any portion of the natural series of numbers start- 
ing with I, as I, 2, 3, • . ., «, may be made to corre- 
spond to itself, each number corresponding to itself. 
Thus I is the first number in the series, 2 the second, 
and so on, n the last. 

71. Definition. Connting(^) is the name given to 

{^ The idea of number is prerequisit to, not derived from, the idea 
of counting. See Lefevre, p. 21. 
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any process for finding the number of objects in a 
given group. 

This is usually done by separating the objects one 
after the other from the group and at the same time 
speaking, or thinking, the numbers i, 2, 3, 4, ... in 
succession until the last object has been removed. 
In this way we form a correspondence between the 
objects of the group and the natural series of numbers. 
The number spoken when the last object is removed 
is the number of objects in the group. This follows 
immediately from the definition of "sum" (§ 37) and 
the definitions of the numbers i, 2, 3, 4, .. . (§ 65). 

72. Theorem. The number of numbers in the portion 
of the natural series of numbers starting with i and 
ending with the number a is a. 

This is evident by counting. 

73. To add two given numbers a and ^, we may 
write each number as a sum of ones and count the 
ones in both considerd as a single group. The re- 
sult is the sum of a and b. 

Or we may find the ^*th number in the natural series 
after a. This number is ^ + ^ (§ 69). 

74. Addition Table (^). In order to make a table of 
the sums obtaind by adding all possible pairs of the 
numbers i, 2, 3, . . . , R), except those sums which may 
not be represented by the symbols so far defined, we 
draw a square with its sides parallel to the edges of 
the paper. Then we divide the top and left-hand sides 

(1) See Tannery, p. 40. 
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each into R) equal parts and thru the points of division 
draw lines parallel to the sides forming roWs and 
columns of little square compartments inside the given 
square. 

The divisions of the top and left-hand sides we mark 
on the outside with the numbers i, 2, 3, • . . , R), start- 
ing at the upper left-hand comer. These numbers 
giv the order of the rows and columns. 

Now we wish to place in each compartment the 
number which is the sum of the two numbers which 
ar found respectivly at the left of the row and at the 
top of the column in which the compartment lies. 

Thus in the first row inside the given square we 
wish to write the numbers that represent the sums 
I + I, 1+2, I + 3, • • • But these ar the same as 
the numbers of the natural series following i (§ 69). 
Similarly in the second row we write the numbers in 
the natural series after 2, and so on. 

It will be noticed that this table, which is given be- 
low, is symmetrical with reference to the diagonal line 
starting at the upper left-hand comer and going to the 
lower right-hand comer. This is due to the commu- 
tativ law for addition. 

This diagonal line is calld the principal diagonal. 
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Addition Table. 
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CHAPTER II. 

SUBTRACTION. 
GREATER. LESS. DIFFERENCE. 

76. Definition. Having given two numbers a and 
by li a ^ by ther is some third number x such that 
either ^ = ;r + ^or;ir+^ = ^. § 45. 

In the first case a is. said to be greater than by in the 
second a is said to be less than bQ\ 

More explicitly, in the first case a is said to be x 
greater than b and in the second case x less than b. 

Thus, since 8 = 3 + 5, 8 is greater than 5 ; since 
3 + 5 = 8, 5 is less than 8. 

The statement ^^ a is greater than b'' is written 
a>b\ the statement "^ is less than b'^ is written 
a<bi^. 

The definitions of the terms "greater than" and 
" less than " may, then, be stated in symbols : 

If ^= X -^ by then W^ b\ and conversely, if ^ > ^, 
then a^=> x-\- b. 

If X + a = by then a <.b ; and conversely, if ^ < ^, 
than x+ a= b. 



(1) See Tannery, p. 8 ; Hadamard, " Lemons de G6om6trie £I6men- 
taire,** p. 46. 

(2) The signs ]>, <[ seem to hav been used first by Vieta. See his 
<*In Artem Analyticam Isagoge," 1591. 
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The statements a>b and a <ib are called in- 
equalities. 

78. Theorem. If a = x+ 6 and ^ + ^, then 
a^y + 6. 

For, since x^y, x+6:^j^ + 6, § 47. 

Hence, since a = x+6, a::^j^ + 6. §35. 

77. Definition. From the last theorem we see that 
if a=i X + 6, ther is no number 7, different from x, 
such that a=:j/ + 6. 

Hence, if a and 6 ar given, x is determind by the 
equality a=sx -^ 6. 

This passiv number x, which depends only on a 
and 6 and is such that a = x + 6, we will call the 
right-handed difference between a and 6. 

This difference may be represented by some symbol 
showing the two numbers from which it is formd. 
The symbol ^ — ^, read " a minus 6,*' is customary (^). 

The difference a — 6 is, then, univalent, when it 
exists, that is, when ther is some third number x, 
such that a = x+ 6, 

The number a may be calld the first element of the 
difference and 6 the second element. 

78. Theorem. Jf the right-handed difference a—b 
exists and is the number Xy then a^ b^= x. 

This follows from § 6. 

79. Theorem. If a =^ x + b, then a— b = x; and 
conversely y if a ^ b = x, then a = x+ bQ). 

(*) The sign — appears first in Widman*s Arithmetic. See foot-note, 
p. 13. It was first used in the modem sense by Stifel. 
(') See Tannery, p. 15. 
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80. Theorem. If x + a== b and ^ 4= 7, then 
y + a^b. 

81. Definition. From this theorem we see that the 
equality x+ a= b determins the number x We will 
call this number the right-handed remainder of b less 
^, which we will represent by the symbol b \ a^ which 
may be read " b less a'' 

The remainder ^ | ^ is, then, univalent, when it ex- 
ists, that is, when ther is some third number x, such 
that X '\- a^b. 

82. Theorem. If the right-handed remainder b \ a 
exists and is the number x, then x = b\a. 

83. Theorem, jfx + a = b, then x^b\a; and con- 
versely ^ ifx==b\a, then x + a = b, 

84. Definition. Implicit and Explicit Definitions. 
Ther ar two classes of definitions. A definition of 
the first class merely givs a name to an idea with 
which we ar already familiar, usually a fundamental 
idea. Such definitions ar calld implicit definitions. 
A definition of the second class expresses an idea in 
terms of ideas simpler than itself, either fundamental 
ideas or ideas that hav already been defined in terms 
of fundamental ideas. Such definitions ar calld ex- 
plicit definitions. 

In §§75, 77 9 81 we hav examples of explicit defi- 
nitions. The ideas ** greater than,** '* less than," 
"right-handed difference," and "right-handed re- 
mainder" ar exprest in terms of "equality" and 
" addition." 
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An idea thus exprest is calld a derived idea. 

85. We will now prove some theorems connecting 
the ideas represented by the symbols >,<,—, |, 
which hav been independently defined. 

86. Theorem. If a> b, the right-handed difference 
a — b exists ^ and conversely. 

For, if a > *, ^ = jr + ^. § 75. 

Therfor the difference a^b exists and is the num- 
ber X. § TJ. 

The converse theorem is proved by reversing the 
steps. 

87. Hence the symbol ^ — ^ as yet has no meaning, 
unless a> b. 

88. Theorem. If a<iby the right-handed remainder 
b I a exists^ and conversely. 

This is proved in the same way as § 86. 

89. Theorem. If a > b, then b < a^ and 
a\b ^=^a^ b; and conversely if b <^ay then a'> bQ) 
and a ^ bs= a\b. 

For, if a>b, a=^x+ b and a — b =^ X. §§75,77. 

Hence x + b = a and x= a\b. §§ 7, 81. 

Therfor b <Ca and a\b = a — b. §§ 75, 34- 

The converse theorem is proved by reversing the 
steps. 

It should be noticed that the proof of this theorem 
depends on the commutativ law for equality. 

90. In virtue of the last theorem, whenever we 
hav either of the statements ^ > ^, b<^a, we may 

(1) See Stolz und Gmeiner, p. 6. 
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replace it by the other and may replace either of the 
expressions a — by a\bhy the other. 

We will find it convenient in future never to use the 
symbol |, but to use in its stead — . 

The symbols > and < will, however, both be use- 
ful, tho we will employ chiefly >. We should always 
bear in mind that the statement a> b may at pleasure 
be replaced by the statement b <,a. 

91. Definition. Having given two numbers a and 
by if a^ by ther is some third number x such that 
either^ = ^ + ;i: or ^ + ;r= ^. §§ 45, 41. 

In the first case a may be said to be larger than b, 
in the second case smaller than b. 

The statement **a is larger than b** maybe written 
a^ b; the statement " ^ is smaller than b** a ^b. 

The definitions of the terms "larger than" and 
" smaller than '* may, then, be stated in symbols : 

If a= b + X, then a"^ b; and conversely, if a"^ b, 
then a = b + X, 

If a + X = by then a ■<^b; and conversely, if a^b, 
then a + x= b. 

92. Theorem. If a = b + xandx^^yy thena^b+y, 

93. Definition. From this theorem we see that the 
equality a= b + x determins the number x. 

This activ number Xy which depends only on b and 
a and is such that a = b + Xy we will call the left- 
handed difference Q) between b and a. For this differ- 

{}) See Grassmann, ** AusdehnuDgslehre," edition of 1878, p. 5 ; 
$tolz und Gmeiner, p. 5 ; Schubert, "Encyklopadie," p. 9. 
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ence we will use the symbol b -:- a^ which may be read 
"^from^." 

The difference b -r- a is, then, univalent, when it 
exists, that is, when ther is a third number x, such 
that a=^ b + X, 

94. Theorem. If the left-handed difference b ~x- a ex- 
ists and is the number ;r, then b -7- a=^ x. 

95. Theorem. If a = b + x^ then- b -7- a^ x; and 
conversely y if b -r- a ^=^ x^ then a=i b + x. 

96. Theorem. If a + x= b andx^y, then a-\-y^b, 

97. Definition. From this theorem we see that the 
equality a + x=i b determins the number x. We 
will call this number the left-handed remainder when 
a is taken from b. For this remainder we will use 
the symbol a |- b, which may be read " a sul b.'' 

The remainder a y b is, then, univalent when it 
exists, that is, when ther is a third number x^ such 
that a + x^ b, 

98. Theorem. If the left-handed remainder a \ b 
exists and is the number x^ then x ^= a \ b, 

99. Theorem. If a + x ^ b^ then x=a |- b ; and 
canverselyy if x^ a \ by then a-{- x=: b. 

100. Theorem. If a ^ by the left-handed difference 
b -g- a exists y and conversely. 

101. Theorem. If a ^ by the left-handed remainder 
a\ b exists y and conversely. 

102. Theorem. If a > by then a ^ b and 
b -r- a^=i a — b ; and conversely y if a ^ by then a> b 
and a-- b=^ b -s- a. 
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The proof of this theorem depends on the commu- 
tativ law for addition. 

103. Theorem. If a <, by then a ^ b and 
a \ b^=b — a ; and conversely y if a-<, by then a<i b 
and b — a ^= a \' b. 

The proof of this theorem also depends on the 
commutativ law for addition. 

104. Definition. In virtue of the last two theorems 
we will in future never use the symbols >- and -<, but 
will use in their stead > and < respectivly. Simi- 
larly instead of b t- a and ^ |- ^ we will use a-^b. 

In virtue of §§ 89, 102, 103 we will in future instead 
of the four terms ** right-handed difference," " right- 
handed remainder/* " left-handed difference," and 
"left-handed remainder" use the single term "dif- 
ference." 

105. Theorem. No number is greater than itself. 
For, since a=^ ay a ^ x -{-a. % 43. 

106. Definition. The symbols > and ' < ar used 
to mean " is not greater than " and " is not less than " 
respectivly. 

The expression a'^b means that either ^ = ^ or 
a'> b. Similarly the expressions a'^by a=.by etc., 
ar defined. 

107o Definition. Complex Expressions containing 
Plus and Minns Sigpas. The difference of two num- 
bers may be connected with other numbers by plus or 
minus signs, provided always that the first element of 
every difference is greater than the second element. 
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Thus we may hav expressions like [(^--^)+^] — (^/— ^) 
or {[(a + 6)-^c-]+d}^(e+/y 

All such expressions ar univalent, since every sum 
and every difference is univalent. § § 40, yy, 

108. Theorem. ^ + * > ^ (') and (^? + *) — ^ = ^ Q. 

For a + 6= a + 6, 

Therfor a + i^ 6 and {a + S) — 6 = a. §§75, 79. 

109. Theorem. A whole is greater than each of its 
parts, 

110. Theorem. If a^ b, then {a — b) + b = a. 
Since a> b, a=- x-^- b and a^b^=^ x. §§ 75, 79. 

Hence (^? — ^) + ^ = ;r + ^. § 46. 

Therfor (a — ^) + ^ = ^. § 34. 

111. Theorem. If a'> b, then a + c^ b+ c and 
{a+c)^{b+c)=a^b ; and conversely^ if a + c>b+ c, 
then a'> b and a — b = {a + c) •— {b + c). 

For the direct theorem, 

since a> b, a = x+ b and a^b ^x. §§75, 79. 
Hence a+c=(x+b)+c^x +(b+c) §§46,54. 

and (a + c)'-{b + c) = x. §§34,79- 

Therfor a + c>b + c §75. 

and {a + c) — {b + c) = a'-'b. § 34. 

(*) See Stolz und Gmeiner, p. 15. 

(*) See Schubert, ** Encyklopadie,'* p. 9 ; Tannery, p. 44. 
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For the converse theorem, 

since a + c'> d + c, a + c=x+ {6 + c)^{x + 6) +c 
and (^ + ^) — (^ + ^) = ^' 

Hence a = x+ 6 and a — '^ = x. 

Therfor a> b and a -— b =^{a + c) ^ {b + c), 

112. Theorem. If a > by then c + a';> c + b and 
{c + a) — {c + b) = a -- b ; and conversely , if 
c + a';;> c + b, then a> b and a'^b=^{c + d) — {c + b), 

118. Theorem. If a = b and b> c, then a> c and 
a — c^= b ^ c ; and conversely ^ if a> c, b> c^ and 
a — c =i b — Cf then a=^ b. 

For the direct theorem, 

Since ^>^, b^^x+c and b — c^=x. 

§§75,79. 

Hence, since a =^, a = X'\' c and a — c—x. 

Therfor ^? > r and ^j — ^= b — c. 

For the converse theorem, let a^ c = x. 
Then b ^ c == x. 
Hence a = x + c 

and b = X + c, 

Therfor a=^ b, 

114. Theorem. If a'> b and b^Cy then a> c and 
a — b == a — c ; and conversely , if a^ by a> c^ and 
a •^ b^ a — c^ then b = c. 
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For the direct theorem, 

since a> b^ a = x + b and a — b=zx. 

Since b = c, x + b = x+ c. 

Hence a=^x + c and a — c = x. 

Therfor a> c and a — b = a — c. 

For the converse theorem, let a — b=s x. 
Then a — c=^ x. 
Hence a = x+b 



and 


a = x+ c. 


Hence 


X + b = X + c. 


Therfor 


b = c. 



§ 49- 

116. Theorem. If a>b and b> c^ then a> c and 
a^ c=^ {a — b) + {b — c). 

Since a>b, a = x+ b and a^6= x. 

Since b> Cy b^y + c and b ^ c =^y. 

Hence x+b^x+{y + c). § 49. 

Hence a^{x+y) + c and a — c=^ ^ +7. 

Therfor a> c and a — ^ = (^ — ^) + (^ — ^:). § 50. 

116. Theorem. If we hav a series of inequalities of 
the same kind, as a> b'> c> d'^ e^ ..., any number 
in the series is greater than any following number. 

The proof of this theorem is identical in form with 
that of § 36. 
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117. Theorem. If we hav a series of equalities or 
inequalities of the form a^d^c^d^e^*--, any 
number in the series is equal to or greater than any fol- 
lowing number^ the sign being >, if ther is at least one 
sign of inequality in the series between the two numbers. 

The proof is like that of § 1 16. 

118. Theorem. If a > b and b "> c^ then 
a — c >b — c and {a — c) — {b — c)=^ a—- b ; and 
conversely y if a> c ^ b'^ c, and a^ c^ b ^ Cy then 
a^b and a — b =i {a — c) —' (^b ^ c). 

For the direct theorem, 

since rt>^>r, a"^ c and ^ — ^ == (^ — ^) + (^ — ^). 

§ 115. 
Therfor a — c'> b — c 

and (^ — r) — (^ — r) = ^ — ^. §§ 75, 79. 

For the converse theorem, 

since a'^ c^ a = x+ c and a — c^ x. 

Since b> c^ b=y + c and b-^ cr=y. 

Since a — c> b ^ c, x>y, §117. 

Hence ■^ + ^>^ + ^. §111. 

Or a>b. §117. 

Therfor, by the first part of the theorem, since 
a^ b^ Cy a — b == (a — c) — {b — c). 

119. Theorem. If a > b and b > c^ then 
a ^ c> a — b and {a^ c) — {a — b) = b — c ; and 
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conversely, if a> c^ ^ > ^, and a — c^ a — b, then 
b'> c and b ^ c = {a ^ c) — {a — b), 

120. Theorem. If a > b and c = d, then 
a + cy> b + d and {a + c) ^{b + d)^ a — b ; and 
conversely , if a + c^ b + d and c^ d, then a^b 
and a -- b = (a + c) ■— (b + d). 

For the direct theorem, 

since a';> b, a + c'^ b + c 

and (a +c)^{b + c) = a — b. § iii. 

Since c = d, b + c=b + d, § 49. 

Therfor a + c> b + d 

and (a+c)^{b + c) = {a + c)-'(b + d). § 1 14. 
Also {a + c)'-'{b + d) = a — b. § 34. 

For the converse theorem, 
since c = d, b + c^ b + d. 
Hence, since a + c^ b + d, 

a + c>b + c 
and {a + c) — {b + d)=(a + c)-'{b + c). 

Therfor a'> b and a — b = {a + c) — (b + c). 

Also a — b={a + c)^ {b+ d). 

121. Theorem. If a> b and c> d, then a + c 
-^ b + d and (a + c) — {b + d) = {a -- b) + {c — d). 
Since a> b. 
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a + c> 6 + c and (a + c) -~ {6 + c) = a ^ 6. § 1 1 1. 
Since c> d, 

6 + c> 6 + d and (6 + c) ^ {6 + d) = c -- d. § 1 12. 
Therfor a + c^ 6 + d and (a + ^) — (^ + ^/) = 

[(^ + ^) - (^ + ^)] + [(* + ^) - (^ + rf)] 

= (^-^)+(^-^). §§ 115, so. 

122. Theorem. Jf a = 6, c = d, and b^ c, then 
^ > ^, b> d^ and a^ c = b — d; and conversely^ if 
^>^, b> d^ a^ c^= b ^ df and c^:^dy then a = b; 
if a^Cy b>d, a^ c=^ b ^ d, and a^b, then c=^d. 

For the direct theorem, 

since a^^ b> c, a^ c and a ^ c =^ b ^ c. 
Since b'^ c ^= d, b^ d and b — r = ^ — d, 
Therfor a ^ c^= b ^ d. 

For the first converse theorem, 

since b> d= c, b — d^ b ^ c. 

Hence, since a — c =^ b -- d, 

a^ c ^=b -— c. 

Therfor a = b. 

Similarly the remaining theorem may be proved. 

123. Theorem. If a^b^c^^d^ and b>Cy then a>Cy 
b> dya^c> b--dy and{a — c) ^{b — d)^ a — b ; 
and conversely^ if a> c^ b> dy a ^ c>b^ d^ and 
c=^ dy then a'>b. 
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For the direct theorem, 
since ^ > ^ > r, ^ > ^, 

a — c>b^Cy and (^ — r) — (^ — r) = oj — ^. § 1 1 8. 
Since b> c= d, b^d 

and b^c^b -- d. 
Therfor a^Ob^d 

and (^ — r) — (^ — ^) a= (^z — ^) — (^ — d). 

Also (^z — r) — (* — rf) = d: — ^. 

For the converse theorem, 
since b> d^== c^ b ^ d^^b — c. 
Hence, since a — c>b ^ d^ 

a — c>b — c, 
Therfor a>b §ii8. 

1S4. Theorem. Ifa^b^c^d^andb^c.ihtna^Cy 
b> dy a -- c <^b — dy and {b — d) — {a^ c) = c — d; 
and conversely y if a'> c, b'>d, a-^c^^b — d, and 
a^=sby then c> d. 

For the direct theorem, 

since as:^b> Cy a> c 

and a-^c^b -^c. 

Since b> c> dy b> dy 

b — d> b-'Cy and (* — ^) — (^ — r) = r — ^. 
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Therfor a^c<b-d 

and (^ _ ^) ^ (^ - ^) = (^ - rf) - (^ - c). 

Also {b^ d) — {a-— c)^c^d. 

For the converse theorem, 

since b^:^ a^ Cy b ^ c=^ a — c. 

Hence, since a^ c <cb ^ dy 

b^c<b--d. §§ 89, 114. 

Therfor €> d. §119. 

126. Theorem. If a^b^c >^, andb> c, then a>dy 
a — ^> ^ — r, and{a —d)—{b — c)={a — ^)+(^ — </). 
Since ^ > r > ^, b^ dy 

b — d>b — Cy and {b — d) — (^b — c)^c ^ d. 

Since a> b> dy ^ > ^, 

a^ d'> b — dy and {a — d)^ {b ^ d) = a^b. 

Therfor a — d> b ^ c and (a — d) -- {b ^ c) = 

l(a^d)^(b-d)] + [{b^d)^(b^c)li 
= (^-^) + (^-^. §§ 115,50. 

126. Theorem. Jfa> by c> dy and a — ^ = ^ — ^, 
/A^» a + d=^ b + c; and conversely y if a>b and 
a + d=:b + Cy then c^ d and a — b=^c ^ d. 

For the direct theorem, 

since ^>^, a + d'> b + d 

and (^ + rf) — (^ 4. ^) = a — ^. § III. 
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Since c> d, b + c> b + d 

and {b + c)^{b'\- d)=^c — d. § 1 12. 

Hence, since a — b^=c — d, 

{a + d)^{b + d)^{b + c)^{b + d). 
Therfor a + rf= b + c. •§113. 

For the converse theorem, 
since a> b^ a + d'> b + d 

and {a + d)^{b + d)^ a-- b. 

Hence, since ^ + ^/s= ^ + r, 

b + c>b + d 

and {b + c)-^{b+ d) = {a + d)—{b + d). § 1 13. 

Hence c^d 

and c — d^ip + c)-'{b + d), §112. 

Therfor a-^b^c ^ d. 

127. Definition. From the preceding theorem it fol- 
lows that if either of the statements **a'> by c> dy and 
a — b^c — d'' and *^a^b and a + d= b + c** is 
true, the other is. The truth of either statement is 
then said to be a necessary and sufficient condition 
for the truth of the other. The truth of either state- 
ment follows necessarily from the truth of the other ; 
and the truth of either is sufficient to establish the 
truth of the other. 
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Whenever a theorem and its converse ar both true, 
we have two statements, the hypothesis and conclusion 
of either theorem, either of which statements is a 
necessary and sufficient condition for the truth of the 
other. 

128. Theorem. If a>b,c>d, and a^b>c^d^ 
then a+ d>b + c and {a + d) — (6 + c) = (a — 6)^ 
{c — d) ; and conversely^ if c> d and a + d> 6 + c, 
then a> b and a — b^c^d. 

For the direct theorem, 

since a> b^ a + d'> b '\- d 

and {a -\- rf)r— {b + d) = a^b. 

Since ^>rf, b-^ €> b + d 

and {b + c) — {b + d)^c — d. 

Hence, since a — b^c — d^ 

(a + d)-(b + d)>{b + c)^{b + d) 

and {{a + d)^{b + dy]^l(b + c)^ {b + d)\ 

= (a-b)^{c^d). 

Therfor a + d'> b + c 

and (a + d)-'{b + c) = (a^b) — {c'^ d). 

For the converse theorem, 

since c>d^ b + c'> b + d 

and (b + c)^(b + d) = c-^d. 
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Hence, since a + d'^ 6 + c, 

a + d>b + d 
and {a + d) — {b + d)> {b + c) — {b + d). 
Therfor a> b and a — b = (a + d) ^ (b + d), 

Therfor a — b'> c — d, 

129. Theorem. Having given any two numbers a 
and by one of the statements a^=^ b, a'> b^ and a<ib 
midst be true, and only one can be true (^). 

For either a^=b ox a^ b. 

In the latter case either ^ = ;ir+^or;r+^ = ^. 

§45. 
Hence either a> b or a <,b. 

Therfor one of the statements a^b, a>by and 

a<ib must be true. 

Now, if^a: = ^, ^4=^+^ suid x '\- a^ b. 

§§ 43, 7, 8. 
Hence, if ^ = ^, a^b and a'^b, 

Ifa^b, a=^X'\- b. 

Hence a ^^ b. § 44. 

Moreover, if a'^b,a '^b. For if ^a: < ^, since also 
^ > ^, we would hav ^ > ^ (§ 1 1 S), which contradicts 
§105. 

Hence, if ^ > ^, ^ 4= ^ ^md a ^ b. 

Similarly it may be shown that if ^ < ^, ^ 4= ^ ^^^ 
a>b. 

(') See Stolz und Gmeiner, p. 6. 
4 



»! 
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Therfor only one of the statements a^ b^a^ b, and 
a <^b can be true. ' 

This theorem may be more briefly, tho less exactly, 
stated : 

Having given any two numbers a and b, either a = b^ 
a> b^ or a<^b. 

130. Definition. Every proof, when written in its 
complete form, consists of one or more steps calld 
8yllog^sm8(^). Every syllogism consists of three state- 
ments, the major premis, minor premis, and conclu- 
sion (^). The major premis is always a general truth 
which has already been establisht, either a definition, 
axiom, or theorem. The minor premis is a particular 
truth from which and the major premis the conclusion 
follows as a necessary consequence. 

131. Ther ar several kinds of syllogisms, but the 
ones most frequently used in mathematics ar five in 
number, two in which the major premis is a categorical 
statement, two in which the major premis is a hypo- 
thetical statement, and one in which it is a disjunctiv 
statement. These may be represented symbolically as 
follows : 

I. CoNSTRUCTiv Categorical Syllogism. 
Major Premis, All B is C, 
Minor Premis. A is B, 
Conclusion, Therfor A is C 



(1) See Jevons-Hill, p. lo. 
(«) See Jevons-Hill, p. 113. 
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II. Destructiv Categorical Syllogism. 
Major Prentis. All B is C. 
Minor Premis, A is not C, 
Conclusion, Therfor A is not B, 

III.^ Constructiv Hypothetical Syllogism (*). 
Major Prentis. If A is B^ then C is D, 
Minor Premis, A is B, 
Conclusion. Therfor C is D, 

IV. Destructiv Hypothetical Syllogism. 
Major Premis, If A is -5, then C is i?. 
Minor Premis, C is not Z>. 
Concltision, Therfor A is not B. 

V. DisjuNCTiv Syllogism Q. 

Major Premis. Either A is -ff, or C is Z7. 
Minor Premis, A is not 5. 
Conclusion. Therfor C is Z>. 

132. Definition. When a constructiv syllogism is 
used in a proof, the proof is said to be direct ; when a 
destructiv syllogism is used, the proof is calld indi- 
rect, or a reduction to absnrdity Q ; when syllogism V 
is used, the method of proof is calld the method of 
exhanstion or exclusion. 

Up to § 1 29 all our proofs were direct. But in that 
article we used an indirect method to show that if 
a> b, then a ^b, 

(1) See Jevons-Hill, p. 151. (^) See Jevons-Hill, p. 157. 
(*) See Beman and Smith, << New Plane and Solid Geometry," 
1901, p. 14. 
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133. Theorem. In the natural series of numbers each 
number is one less than the immediately succeeding num- 
ber. 

For, i£ a + i = b, a is one less than b. § 75. 

134. Theorem. In the natural series of numbers each 
number is less than every succeeding number (^). 

135. Theorem. Unity is the smallest of all numbers (*). 
For unity is the first number in the natural series 

and every number has a place in that series. 

136. Theorem. Having given any number^ ther is 
a number greater than it. 

For, if a is any given number, the number a-\- \\s 
greater than it. 

This theorem is equivalent to the statement that 
ther is no greatest number. 

137. Definition. Infinit. Finite. When, having 
given any number of objects of a particular class, 
another of the same class can be found, the class is 
said to hav an unlimited, or infinit number, of objects ; 
less exactly, the number of objects in that class is said 
to be unlimited or infinit. 

In contrast, the number of objects in a group, which 
does not hav the above property, is said to be limited, 
or finite. 

138. Theorem. The number of numbers is infinity). 

{}) See Cantor, ** Sur les fondements de la Th6orie des Ensembles 
Transfinis," translated from the German by Marotte, 1899, p. 14. 
(2) See Cantor, p. 17. 
(5) See Lucas, "Th^orie des Nombres,** 1891, p. 3. 
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For, having given the numbers i, 2, 3, • ••, tf, ther 
is a number a + i greater than all of these (§ 134) 
and therfor different from them. § 129. 

The natural series of numbers has, then, no limit. 
It has a beginning, but no end. 

139. Theorem. If a<^b <ic^b is one of the num- 
bers in the natural series between a and c. 

Let b ^=^a-\' X, 

The numbers following a in the natural series ar 
^2+ I, tf + 2, ^+ 3, ... §69. 

Since ;ir is a number in the series i, 2, 3, • . • (§ 65), 
one number of the above series is a + x or b. 

Let c = b +f. 

Then b +f or c is one of the numbers b + i,b + 2, 
^ + 3, • • ., which follow b in the natural series. 

We hav then the portion of the natural series a, 
^ + I, ^? + 2, ^ + 3, . . ., <5, ^ + I, * + 2, ^ + 3, . . ., r. 

Therfor b is one of the numbers in the natural series 
between a and c. 

140. Definition. On this account, when a<,b <.c, 
b is said to lie between a and c in magnitude. 

141. Theorem. If a and b ar any two- consecutiv 
numbers in the natural series ^ ther exists no number be- 
tween a and b (^). 

For, suppose a<ic <^b. 

Then b^a>b — c^l. §§119,135. 

Hence b —' a> i. 



(») See Cantor, p. 1$. 
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But by hypothesis b = a+ i. 
Hence b — a= i. 

Since b •— a cannot be both greater than one and 
equal to one (§ 129), the theorem is establisht. 

142. Subtraction. When two unequal numbers a 
and b ar given, we may determin which is the greater 
and find their difference, a^b ox b — a^ by the fol- 
lowing method. 

Consider the two series of numbers 

b, b+i, b+2, b+s, ..., b + a, ... 

a, a+i, a +2, ^ + 3, •••, a+b, ... 
Now either ay- bor a<cb. § 1 29. 

In the first case b <ia<^b + a. § 108. 

In the second a<,b<ia+ b. 

In the first case, then, a must be one of the num- 
bers in the first series between b and b+a. §139. 

In the second case b must be one of the numbers in 
the second series between a and a + b. 

In any case, then, either a will be some number 
b + xin the first series and the difference a^ b will 
be Xy or b will be some number a + y in the second 
series and the difference b — a will be j^. 

By forming these series, therfor, we may determin 
whether a^ b or a <^b and find the difference a^b^ 
if a> b, or b ~- a, if a<,b. 
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143. Thus, to find whether 5 > 2 or 2 > 5, and also 
to find the difference between these numbers, we form 
the two series 

5, 5+1, 5 + 2 

and 2, 2 + I, 2 + 2, 2 + 3, 2 +4, 2+5, 
or 5, 6, 7 

and 2, 3, 4, 5, 6, 7. 

We find that 2 is not in the first series, but 5 is 
in the second and 5 = 2 + 3. Hence 5 > 2 and 
5-2 = 3. 

Hence also the symbol 2 — 5 is meaningless. 

§87. 

144. Theorem. Any given set of numbers^ no two of 

which ar equal ^ may be arranged in a series so that each 
shall be less than the succeeding one. 

Let the given set be a^ by ^, rf, ^, . • • 

To arrange these numbers in a series so that each 
shall be less than the succeeding one, we put down 
any one number first, say a. 

Then we compare any other, as ^, with a. 

If b <,a, we set down b in front of a. If ^ > a, we 
set b down after a. 

Suppose b'> a. Then we hav the series a, b, 
wher a <ib. 

Next we compare c with a and place it befor or after 
a according as it is less or greater than a. 
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Suppose c^ a. Then we must compare c with b. 
If c <i6, we hav the series a, c, 6, wher a <Zc <,6, 

Similarly we may compare each of the other num- 
bers in turn with those already in the series and assign 
to it a place in the series. 

Thus we may hav the series a, c, 6, d, e, -- ., wher 
^ < ^ < ^ < rf< ^ < . . . 

Numbers so arranged ar said to be arranged in 
order of magnitude, or simply orderd. 

145. Definition. Operation of Subtraction. The proc- 
ess described in § 142 for finding whether ^j: > ^ or 
a <^b and for finding the difference between a and b^ 
or between b and a is calld subtraction. 

Thus the difference a — b, when it exists, is obtaind 
from a and b by an operation, the operation of sub- 
traction. In this operation a is the operand, the 
passiv element, or minuend, and b the operator, the 
activ element, subtrahend (^), or subtrabent (^. 

We may also obtain ^ — ^ by the use of objects (^). 
If from a group of a objects we take away b objects, 
the number remaining will h^a-b. 

Or, if from a group of a objects we take away enuf 
objects for the number remaining to be b, the number 
taken away will be ^ — ^. 

These results follow directly from §110. 

(^) See Schubert, "Encyklopadie,*' p. 9. 

(2) This name, with an activ ending, was proposed by SchrSder. 
See Schubert, "Mathematical Essays," p. 11. 
(8) See Tannery, p. 13. 
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146. Subtraction Table. In order to make a table 
of the existing differences between all possible pairs of 
the numbers i, 2, 3, • • •, 19, we divide a square into 
compartments as in § 74 and write the numbers 
i> 2, 3, . . ., 10 along the top and left-hand sides of the 
square as in that article. 

In each compartment we wish to place the number 
which is the difference between the two numbers found 
respectivly at the left of the row and at the top of the 
column in which the compartment lies, if this differ- 
ence exists. 

Thus in the sixth row of compartments we should 
write the numbers that represent the differences 6—1, 
6 — 2, 6 — 3, ... 

To find these differences we may use the addition 
table (§ 74) to advantage. We notice that in the com- 
partments of that table the 6's lie in a line going from 
the top downwards and to the left. The 6 of the first 
row is in the fifth column ; hence 6 — i = 5 (§ 79). 
The 6 of the second row is in the fourth column ; 
hence 6 — 2 = 4. And so on. Ther is no 6 in any 
row below the fifth, so that the differences 6-^6y 6—y, 
6 — 8, ... do not exist. 

Hence the sixth row of our new table will contain 
the numbers 5, 4, 3, 2, i in the first five compart- 
ments and none in the others. 

In a similar manner we may form the rest of the 
table, which is given below. 
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Subtraction Table. 
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147. Definition. An inverse of a given operation is an 
operation that undoes the work of the given operation. 

148. Theorem. The operation of subtraction is irwerse 
to that of addition (^). 

For, as we hav seen in § io8, if we add 3 to a given 
number and then subtract b, we get back the original 
number. 

149. Theorem. Addition is inverse to subtraction. 
For (§ no), if we subtract b from a given number 

and then add by we get back the original number. 

(J) See Schubert, " Encyklopadie," p. 8. 
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150. Definition. The operation of addition is calld 
a direct (*), or synthetic operation. Having given 
two numbers we find their sum directly, that is, with- 
out the intervention of any other operation. 

On the other hand, in subtraction, having given two 
numbers, of which the second is a part of the first, the 
object is to find the other part, that is, to find a third 
number which added to the second makes the first. 
Every question in subtraction is, then, tumd into a 
question in addition. 

For this reason subtraction is calld an indirect or 
anal3rtic operation. 

For the same reasons as above given a + 6 and 
^^ — ^ ar calld respectivly S3rnthetic and analytic com- 
binations (^) of the numbers a and 6. 

The opposition in nature between the two opera- 
tions may also be well shown by the equality 
c=:^ a + d. 

If a and 6 ar given to find c, we get the result by 
addition. 

If c and 6 ar given to find a, or c and a given to 
find 6, we get the result by subtraction, the opera- 
tions in these two cases being of the same nature be- 
cause of the commutativ law for addition. 

The operation of addition is always possible. The 
operation of subtraction is possible only when the 
passiv number is greater than the activ number. 

(I) See Stolz und Gmeiner, p. 5 ; Schubert, EncyklopSldie, p. 8. 
(') See Grassmann, p. 5. 



PART II. 

INTEGERS. 

CHAPTER III. 

POSITIV INTEGERS. ZERO. NEGATIV INTEGERS. 

161. We now proceed to invent a new system of 
numbers and will, therfor, for the sake of distinction, 
call the numbers hitherto treated of primary numbers Q). 

162. We have seen that, when ^>^, the symbol 
a — b has a meaning, that is, the two primary num- 
bers Uy by when written in this order and connected by 
the sign ~, determin a certain concept, the difference 
between a and b. When a^ by the symbol a — b is 
meaningless and the numbers ^, b determin no con- 
cept, when written in this order and connected by the 
sign — . It will be useful, however, to hav the num- 
bers ay b determin an idea even when a^ by which 
shall hav properties like those of the difference a — by 
when W^ b, 

163. Definition. Let us agree, then, that every two 
primary numbers Uy by taken in this order, shall de- 
termin a concept (^), to be calld an integer, this con- 

(1) See Lefevre, p. 19. 

(2) For this method of defining an integer see Dini, " Grundlagen fiir 
eine Theorie der Functionen einer veranderlichen reellen Crosse," trans- 
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cept to be the difference a— b^ when a^b (*), that 
is, when the symbol a — b has a meaning, and in all 
other cases to hav properties like those of a difference. 
Let us also call this new concept a number. 

Stated briefly, then, an integer is a number couple 
made by combining two primary numbers ^, b in this 
order, the number couple being the difference a — b^ 
when a^by and in all cases having properties like 
those of a difference. 

Thus every two primary numbers determin an in- 
teger. 

In the case when the integer is a difference it is 
univalent by § 77 ; let us agree that in all other cases, 
also, the two primary numbers shall determin only 
one integer. 

Then every two primary numbers will determin 
one, and only one, integer. 

This concept, the integer determind by the primary 
numbers a^ b, is not the difference between a and ^, 
except when a^b, but a new idea created by our 
imagination, a compound idea made up of the two 
simple ideas a and b, 

154. We might use for this compound idea any 
symbol to which a meaning has not already been 

lated from the Italian by Liiroth und Schepp, 1892, p. 3. The idea of 
"number couple " is due to Wm. Rowan Hamilton. See the Trans- 
actions of the Royal Irish Academy y 1835, Vol. XVII., part 2, p. 293 ; 
"Hamilton's Lectures on Quaternions,'* 1853, preface, p. 8; Stolz 
undGmeiner, p. 5^- 

(^) See Dini, p. 4 ; Stolz und Gmeiner, p. 48. 
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attacht and which should show distinctly the two 
primary numbers of which the integer is composed. 
Thus we might use the symbol a — b (^), which by 
agreement represents the same idea as the integer 
when a>h. But we would then be likely to confuse 
the idea of integer with the idea of difference. We 
will therfor use the symbol (^, U) (^). 

Thus, for example, (5, 2), (4, 4), and (3, 7) ar 
integers. 

156. Definition. The primary numbers a and b will 
be calld the elements of the integer {a, b\ a the first 
element and b the second. 

166. The order of the elements is essential. Thus 
(ay b) is not necessarily the same integer as (^, a). In 
case, however, the two elements ar the same, inter- 
changing them does not alter the integer. 

187. For the sake of clearness, we will continue to 
use the Roman letters a, b.Cyd^ - -- to denote primary 
numbers and will use the Greek letters «, jS, 7*, ^, • • • to 
represent integers. We will also employ one Roman 
letter with the distinguishing subscripts i, 2 to denote 
the two elements of any given integer, and the corre- 
sponding Greek letter to represent the integer itself. 

Thus a represents the integer {a^, a^, /? the integer 
(^i» ^2)* T ^^^ integer (^j, c^)^ and so on. 



(*) See statement of Principle of Continuity, or Permanence, in Pea- 
cock's "Symbolical Algebra," 1845, P* 2 and in Hankel's "Theorie 
der komplexen Zahlsysteme," 1867, § 3. See also Lefevre, p. 76. 

(') See Stolz und Gmeiner, p. 47. 
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158. Theorem, The system of integers includes tlie 
system of primary numbers. 

Let a be any given primary number. Choosing a^ 
at random and setting a^^ a^-\- a^ we hav ^^ — ^^ = ^• 
Hence the integer (^^ a^ is the primary number 
a^^a^oxa. §153. 

169. Definition. Integers may be divided into three 
classes according as the first element is greater than, 
equal to, or less than the second. 

Integers of the first class are calld positiv, those 
of the second zero, and those of the third negatiy ('). 

Thus (2, i), (5, 3), (9, S) ar positiv integers, (i, i), 
(3, Z)y (7, 7) ar zero integers, and (i, 3), (2, 7), (4, 9) 
ar negativ integers. 

160. Theorem. All positiv integers ar primary num- 
berSy and conversely. 

161. Definition. The integer obtaind from a given 
integer a by interchanging its elements is calld the 
opposity or negativ, of a and is indicated by the symbol 
a or "a, the sign — being written directly over a, or 
above and slightly to the left (^. This symbol is 
univalent (§ 153). Thus, if a is (^„ a^, a is (a^, a^). 
For example, if <? is (8, 3), a is (3, 8). 

The minus sign, as here used, is a sign of operation. 

Sometimes, to more clearly distinguish a from a, a 
plus sign is written over a, thus a, or above and 
slightly to the left, thus a, 

(') See Dini, p. 4. 

{*) For this symbol see Stolz und Gmeiner, p. 54. 
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Since every primary number is an integer (§ 1 60), 
every primary number has its opposit. 

162. Theorem. Every negativ integer is the opposit 
of some primary number. 

Thus, suppose (^^ a^ is negativ. 
Then a^<ia^. ^ §1 59. 

Now {a^^ a^ is the opposit of {a^^ a^ wher a^ > a^. 
Hence (^^ a^ is the opposit of the primary number 
^2 ■" ^v *^^^ ^^» (^i» ^2) ^^ ^^^ same as "(a^ — a^. 
If ^2 — ^1 = ^, (^1, ^2) ^^ ^^ same as S. 
For example, (4, 6) is 2, (5, 9) is 4, (i, 8) is 7. 

163. The signs + and — over primary numbers 
may be regarded as signs of quality showing whether 
the integer thus represented is positiv or negativ. 

164. Theorem. The opposit of a positiv integer is a 
negativ integer ; the opposit of a zero integer is a zero 
integer ; the opposit of a negativ integer is a positiv 
integer. 

If (^j, a^ is positiv, a^ > a^. 
Hence a^ < a^ and (a^y ^^^) is negativ. 
Similarly the other parts of the theorem may be 
proved. 

165. TheorenL The opposit of the opposit of a given 
integer is the given integer, 

166. Theorem. If we interchange the elements of an 
integer an odd number of times ^ the resulting integer is 
the opposit of the given integer ; if we interchange the 
elements an even number of times ^ the result is the given 
integer. 

5 
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167. Let us proceed now to giv integers properties 
analogous to those possest by differences. Let us 
define the terms equal, greater, less, sum, difference, 
etc., in connection with integers. These terms ar at 
present meaningless with reference to integers. We 
can therfor giv any definitions for them that we please, 
provided the definitions ar not inconsistent with each 
other or with preceding definitions. We must remem- 
ber in particular that, when ^ > ^, the integer (a, 6) is 
the difference a — 6, a, primary number, and that for 
such integers the above terms ar already defined. 

168. Definition. Equality (^). To obtain a proper 
definition for the term "equality" with reference to 
two integers (^j, a^ and (^j, d^, let us consider first 
the case when a^ > a^ and 6^ > i^f ^^ which case these 
integers ar the primary numbers a^ — a^ and 6^ — 6^. 

By § 126 a necessary and sufficient condition for 
the equality of a^ — a^ and 6^ — i^t when a^ > a^ and 
^1 ^ ^2» ^^ ^^^^ ^1 + ^2 should equal a^ + b^ If we make 
this condition our requirement for the equality of any 
two integers (^j, a^ and (^j, b^y ther will be no con- 
tradiction of definitions and the property of equality 
of two integers will be like that of equality of differ- 
ences. Formally then we define : {a^ , a^ = (^j, b^^ if 

^1 + ^2 = ^2 + ^r 

Thus (7, 4) = (9, 6), since 7 + 6 = 4 + 9; 

(5, 9) = (i, S), since 5 + 5 = 9+1. 

(1) See Dini, p. 3 ; Davis, " Logic of Algebra,*' 1890, p. 17 ; Stolz 
mid Gmeiner, p. 48. 
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169. Theorem. If ^^ = ^i (^nd a^ = b^ then 

For, then, ^^ + ^^ = ^2 + K § 5^- 

170. Theorem, a = a, or {a^, a^ = (a^, a^). 
This follows from § 169, 

since a^ = a^ and a^ = a^, § 6. 

171. Theorem. If a^^, then /9 = a. 
Since a =^, or (^j, ^j) = {b^, b^, 

^1 + *2 = ^2 + K § 168. 

Hence «, + ^1 = ^1 + ^r § 7- 

Or ^1 + ^2=^2 + ^1- §41. 

Therfof j9=a. § 168. 

This theorem is the Commntativ Law for Equality 
of Integers. 

172. Theorem. Ifa^^, then ^9 + a. 

This is proved in the same way as § 8. 

173. Theorem. If a=^ ^ and ^ = x ^^^^ a — y. 

Since a = jS, ^^i + ^^ = ^2 + K 

Since jS = /-, ^1 + ^2 = ^2 + ^v 

Adding, {a^ + ^2) + (^1 + ^2) = (^2 + ^1) + (^2 + ^i)- 

§50. 

Or {a^ + ^2) + {K + ^2) = K + ^1) + (^1 + *2)- 

§59. 
Hence 01 + ^2 = ^2 + ^1. § 4^- 

Therfor a = 7". 
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174. Theorem. If a^s^^ and ^ ^ y, then a + T- 
This is proved in the same way as §35. 
176. Theorem. If we hav a series of equalities in 
which the right member of each equality ^ except the lasty 
is also the left memier of the succeeding equality^ as 
a = /9 = 7'=5=e=«--, then any integer in the series 
is equal to any other integer in the series, 

176. Theorem. If a = ^^ then a is positiv if ^ is 
positivy a is zero if ^ is zero, and a is negativ if ^ is 
negativ. 

Since a = ^9, ^^ + 3, = a^,+ by 

If )9 is positiv, by > b^ 

Hence a^ > ^2* § ^ ^^^ 
Therfor a is positiv. 

Similarly the other parts of the theorem may be 
proved. 

177. Theorem. If a = ^, then a = ^ 

178. Theorem. If we hav a series of equal positiv 
integers, they all represent the same primary number. 

Suppose a = ^ = ;- = . . . 

Then, since a, j9, y, • • • ar all positiv, this means 

that ^j — ^2 = ^i — ^2 = ^1 — ^2 "= • • ' 

That is, a^ — a^ b^ — b^ ^1 — ^2» * * ' ^ ^^ same 
primary number. § 5. 

Therfor a, ^, 7", • • • all represent the same primary 
number. 

Thus (4, 2), (s, 3), (8, 6) all represent the primary 
number 2. 
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179. Theorem. If we hav a series of equal negativ 
integers, they ar all opposits of the same primary number. 

Suppose a == j9 = I' = . . . and that «, )9, y, • • • ar neg- 
ativ. 

Then a = ^ = ^^ = . . . and a, ^, 7*, • • • ar positiv. 

§§ 177, 164. 

Hence a, /9, 7-, . . • all represent the same primary 
number. §178. 

But dy^yfy "' ^iT the opposits of a, /?, y, . . . § 165. 

Therfor a, ^, 'j^, • • • ar all opposits of the same pri- 
mary number. 

Thus (2, 7), (3, 8), (4, 9) ar all opposits of the pri- 
mary number 5 and may be represented by the symbol 

5. 

180. Theorem. All zero integers ar equal Q), 

Let a and ^ be any two zero integers. 

Then a^ = a^ and b^ ^b^. §1 59. 

Hence a^ + b^^a^ + by 

Therfor a = ^. 

Hence, if a, ^, y, -- * 3Lr a series of zero integers, 

181. Definition. We saw in § 178 that a series of 
equal positiv integers all represent the same idea, a 
certain primary number. 

In §§ 179, 180 we saw that a series of equal nega- 
tiv integers ar all opposits of a certain primary num- 
ber and that all zero integers ar equal. 

(1) See Dini, p. 4. 
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We will therfor, for the sake of uniformity in our 
system of numbers, say that all equal negativ integers 
ar the same number and that all zero integers ar the 
same number. The latter number we will call zero, 
cipher, or naught and will represent by the symbgl 

oC). 

Thus o stands for (3, 3), (5, 5), (8, 8), . • • 

182. We may therfor henceforth, when any two 
integers ar equal, say they ar the same integer. 

183. Theorem. = 0. 

184. Theorem. ^ = a. 

186. Theorem. If the same primary number be added 
to each element of an integer, the integer is unchanged. 

In symbols {a^ -\- k, a^ + k) = (a^, a^). 

This follows immediately from the definition of 
equality. 

186. Definition. Greater. Les8(^). In order to dis- 
cover a proper definition for the terms " greater " and 
" less " with reference to two integers (^j, a^ and 
(^p ^2)* ^^^ ^^ consider first the case when these inte- 
gers ar the primary numbers a^ — a^ and b^ — b^. 

By § 128 a necessary and sufficient condition that 
^1 "" ^2 should be greater than b^ — b^, when a^ > a^ 
and b^ > b^, is that a^ + b^ should be greater than 
^2 + ^v ^^ ^^ make this condition the meaning of the 
statement " (a^, a^ is greater than (b^, b^** ther will be 

(i)The symbol o is used in an Indian manuscript of the eighth 
century to denote the absence or lack of number. 
(2) See Davis, p. 17 ; Stolz und Gmeiner, p. 55. 
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no contradiction of definitions. Formally, then, we 
define : (^„ a^) > (d^, b^, if ^^ + ^^ > ^^ + ^r 

Similarly, we define: (^^ a^ < (3^, ^J, if 

^, + ^2 < ^2 + ^r 

The properties of inequality of integers ar, then, like 

those of inequality of differences. 

187. Theorem. Having given any two integers a 
and ^, one of the statements a = fi, « > i^, and a<^p 
must be true^ and only one can be true. 

For one of the statements ^2^ + ^^ = ^j + 3^, 

^1 + ^2 ^ ^2 + ^i» ^^^ ^1 +^2 < ^2 ^" ^1 n^ust be true, 
and only one can be. § 129. 

188. Theorem. If a> ^^ then /9 < a, and conversely, 

Ifa>^, a^^b^>a^ + b^, §186. 

Hence a^ + b^<a^ + b^. § 89. 

Or b^ + a^<b^ + a^. §§41,117. 

That is, ^<a. §186. 

For the converse theorem reverse the steps. 

189. Theorem. If a> ^, then a < ^ 

190. Theorem. If a = ^ and ^>Xy then a^y. 
The proof of this theorem is formally the same as 

that of § 173. 

191. Theorem. If a^ ^ and ^>x* l^^^ « > T- 

192. Theorem Q), If a<^^ and ^^r* ^^^ « < r- 

Sincea<^ = r, 7' = )5>a. §§171,188. 

Therfor r> ^- § ^9^* 

Or a<7-. §188. 

(1) See Stolz und Gmeiner, p. 6. 
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193. Theorem. If a<c^ and ^ <.y, then a < 7, 
The proof of this theorem is like that of § 192. 

194. Theorem (^). If a^ ^ and )9 = r» ^'^^^ « > r- 
For either a = ;', a < ^'j or a > 7^. § 187. 
If a = ^, since also y ^ ^^ a-^ ^. § 173. 
But this contradicts the hypothesis. § 187. 

Hence ^ 4= T 

Similarly « <C r* 

Therfor a > r- 

195. Theorem. ^ a = j9 and ^ <Xy t^'^ ^ < T- 
This follows from § 194 by the method used to 

prove § 192. 

196. Theorem. If we hav a series of inequalities of 
the same kind, asay>fi';>j'';>8'^£^ ..., anj^ integer 
in the series is greater than any f Mowing integer. 

The proof is the same as that of § 116. 

197. Theorem. If we hav a series of equalities or 
inequalities of the form a^^^y^d^s^ ••., any in- 
teger in the series is equal to or greater than any follow- 
ing integer y the sign being >, if ther is at least one 
sign of inequality in tlu series between the two integers. 

The proof is the same as that of § 117. 

198. Theorem. Any given set of integers^ no two of 
which ar equal, may be arranged in order of magnitude. 

This theorem is proved in the same way as § 144. 

199. Theorem. In any given set of integers, no two 
of which ar equal, ther is one greatest and one least, 

(') See Stolz und Gmeiner, p. 6. 
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When the given set is arranged in order of magni- 
tude, the last integer is greater than all the others 
(§ 196) ; the first integer is smaller than all the others. 

Ther cannot be tA\'o, each of which is greater than 
all the others. 

For, suppose k and fi were each greater than all the 
others. 

Then ^ > // and fJL'> i. 

Since fjL> X, X <C /Jt, 

But this contradicts § 187. 

Hence ther is only one integer greater than all the 
others. 

That is, ther is one greatest integer. 

Similarly ther is one least integer. 

200. Theorem. Every posittv integer is greater tJian 
zero ; every negativ integer is less than zero ; and con- 
versely^ every integer greater than zero is posittv ; every 
integer less than zero is negativ. 

For, if (<7i, tfj) is positiv, a^ > ^,. 

Hence ^^i + ^ > ^^ + ^. §111. 

Therfor {a^, a^ > {b, b). 

Or (^1, a^ > o. 

Similarly the second part of the theorem is proved. 
For the converse theorem reverse the steps. 

201. Theorem. Every positiv integer is greater than 
every negativ integer ; every integer greater than a 
positiv integer is positiv ; every integer less than a nega- 
tiv integer is negativ. 
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202. We saw in §§5, 75 how to compare two 
positiv integers ; in § 201 we leamd that every positiv 
integer is greater than every negativ integer. The fol- 
lowing theorem will giv a rule for comparing two 
negativ integers. 

Theorem. If a '>b,a<ib ; if a = b,a=i b; if a < ?, 
ay> b ; and conversely, if a <cb, a'> b; if a =s by a=^b ; 
if a ^ by a<ib. 

This follows immediately from §§ 177, 189. 

This theorem might be abbreviated as follows : 

a^b according as a = b, 

203. Definition. Sum (^). In order to derive a 
proper definition for the sum of two integers (^j, a^ 
and {b^y b^y let us consider first the case when these 
integers ar the primary numbers a^ - a^ and b^ - b^. 

By § 121 the sum of the primary numbers a^ — a^ 
and b^ — b^ is {a^ + b^ — {a^ + b^y which with our 
present notation is represented by {a^ + b^y a^ + b^. 
Moreover the symbol [a^ + b^y a^ + b^ is univalent 
in all cases, since a^ + b^ and a^ + b^ ar univalent. 

§§40, 153. 
If, then, we make the integer {a^ + b^y a^ + b^ the 
sum of {cLyy a^ and (^^ b^ in all cases, ther will be no 
contradiction of definitions and the sum of two inte- 
gers will hav a form similar to that of the sum of two 
differences. 



(*) See Dini, p. 3. 
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Formally, then, we define : (a^, a^ + (6\, b^ repre- 
sents {a^ + b^, a^ + ^2). 

204. Operation of Addition of Integers. Since in 
getting the sum of two integers {a^, a^ and (^j, b^ we 
add a^ to b^ and a^ to b^^ we may be said to obtain 
that sum by an operation, the operation of adding 

(^1, ^2) a^d {K ^2)- 

206. Theorem, {a^, a^) + {b,, b^) = {a^ + b^, a^ + b^). 

For, by definition, (a^, a^ + {b^, b^ stands for 

{a^ + ^1, a^ + b^. 

And any integer is equal to itself. § 170. 

206. Theorem. The sum of two positiv integers is a 
positiv integer ; the sum of two zero integers ts a zero 
integer ; the sum of two negativ integers is a negativ 
integer ; the sum of a positiv and a zero integer is posi- 
tiv ; the sum of a negativ and a zero integer is nega- 
tiv ; and conversely, if t/te sum of two integers is positiv , 
one of them is positiv; if the sum is negativ , one is nega- 
tiv. 

Suppose a and ^ ar both positiv. 

Then a^ > a^ and b^ '> b^ §1 59. 

Hence ^1 + ^1 > ^2 + ^r § ^2^- 

Therfor « + ^ is positiv. 

Sipiilarly the other parts of the direct theorem may 
be proved. 

The converse theorem is proved by the method of 
exhaustion. 

207. Theorem. a+ ^^^ + a. 
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For a^ + 6^ = 6^ + a^ and ^2 + ^2 = *2 + ^r § 4i- 
This theorem is the Commutativ Law for Addition 
of Integers. 

208. Theorem, a -f- a = o. 

For (^j, a^ + («2» ^i) = K + ^2» ^2 + ^1)' which equals 
zero. § 159. 

209. Theorem, a + o = a. 

For (^j, tfj) + (^, ^) = (^j 4- ^, ^^ -f ^), which equals 

210. Theorem. + = 0. 

211. Theorem. ' -{a + P)z=^a +^, 

In words : Tke opposit of the sum of two integers is 
the sum of their opposits, 

212. Theorem. If a = j9, tlien « + r = i^ + 7^, and 
conversely. 

For the direct theorem, 

since a = ^, d:j + ^^ = ^2 + b^ § 168. 

Adding c^ + Tj to each member of this equalit}% 

(^1 + ^2) + (^1 + ^2) = (^2 + ^i) + (^i + ^2)-§ 46. 
Or {a, + rj + (b^ + ^2) = (^2 + ^2) + (*i + ^i)- §59. 
Therfor (a^ + r^, ^^2 + c^ === (^^ + c^, b^ + r^). § 168. 

Or o.-^r^^-Vr- § 203. 

For the converse theorem reverse the steps. 

213. Theorem. If a^ ^, then 7- + a = 7^ + j9, and 
conversely. 
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This follows from §§ 207, 212, or it may be proved 
independently of § § 207, 212 by a method similar to 
that used for § 212. 

214. Theorem. If a = ^ and r = ^» ^^« 
a + 7* == j9 + ^/ and conversely^ tfa + y^^+d 
and Y r= 3, then a = /9. 

This is proved in the same way as § 50. 

216. Theorem. If a> ^^ then a '\- y> ^ -V y^ and 
conversely. 

The proof of this theorem is formally the same as 
that of § 212. 

216. Theorem. If a> ^^ then r + ^>T + ?* ^^ 
conversely. 

217. Theorem. If a > /? and 7- = *i ^^^ 
a+ Y> fi + 3 ; and conversely, ifa + y^^ + d 
and Y = S, then « > ^. 

218. Theorem. If a > ^ and r> d, then 

219. Theorem. If a^ ^ and 7- ^5, then 
a + r^fi + 3. 

220. DefinitioxL Difference. When (a^, a^) and 
(^p 6^ ar the primary numbers a^ — a^ and 6^ — 6^ re- 
spectivly, and ^ ^ — ^^ > ^^ — d^ their difference is, by 
§ 128, (a^ + ^2) — (^a + ^i)f which with our present 
notation is represented by (a^ + i^ a^ + b^. More- 
over the symbol {a^ + ^jp ^j + ^1) ^^ univalent in all 
cases, since a^ + b^ and a^ + b^ ar univalent. To avoid 
contradictions we will make the integer (^^ + b^^ a^ + b^ 
the difference of (^j, a^ and {b^, b^ in all cases. Thus 
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the diflference of two integers is in form similar to the 
difference of two differences. 

Formally then : (^^ a^ — (^^ b^ represents 

221. Operation of Subtraction of Integers. The dif- 
ference a — jS of two integers a and /? may be said to 
be obtaind by an operation, the operation of subtract- 
ing ^ from a. 

The definition of § 220 removes the restriction that 
in subtraction the minuend must be greater than the 
subtrahend. The operation of subtraction is now pos- 
sible in all cases. 

222. Theorem. (^,, a^ - (^,, b^= {a, + *,, a^ + b^, 

223. Theorem. « — ^ = a + ^. 

224. Definition. For this reason a — /? is sometimes 
calld an algebraic sum. 

226. Theorem, a — /? = a -h ^. 

226. Definition. A plus or minus sign directly 
befor an integer and not following another integer is 
at present meaningless. Let us agree that such a 
sign shall be equivalent to a plus or minus sign over 
the integer. 

Thus -I- « 4- j9 is the same as a + ^9 or a + j9 ; 
— a -h ^ is the same as a -f- ^. 

227. Theorem. From §§184, 223, 225, 226 it fol- 
lows that whenever we hav the sign + or ^ over an 
integer and the sign + or — befor it, we may change 
either of these signs , provided the other is also changed 
from + to ^ or from — to -|-, 
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Thus + a may be changed to — a ; 
+ a may be changed to — a ; 

— a may be changed to + 5" ; 

— a may be changed to + a . 

228. Theorem, a — a = o. 

229. Theorem, a ^ o = a. 

230. Theorem, o — a = a. 

231. Theorem, o — o = o. 

232. Theorem. — (a — ^) = — « + ^. 

233. Theorem. ^a = ^, a — /? is zero^ and con- 
versely. 

First, since a=^ ^, a^-^ b^= a^-^ b^. § i68. 

Hence {a^ + b^, a^ + b^ is zero. & ^59* 

That is, a — )9 is zero. § 220. 

For the converse theorem reverse the steps. 

234. Theorem. If a> ^^a^ ^is positiv ; and con^ 
versely. 

The proof is formally the same as that of § 233. 

235. Theorem. If a <^^, a — ^ is negativ ; and con- 
versely, 

236. Definition. If a — /? is equal to the positiv 
integer 7*, a is said to be y greater than ^, and )9 is said 
to. be y less than «. 

237. Theorem. If a — ^, then a — y^^^y^ and 
conversely. 

For, ifa = /?, o-^-y^^^ + y^ §212. 

Or a-^y^^-^y. §223. 

For the converse theorem reverse^ the steps. 
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« 

238. Theorem. If a^ ^, then 7- — a = y* — ^, and 
conversely, 

239. Theorem. If a^^ and y^b, thena^y^^—i; 
and conversely y ifa—^y^ss^^ — d andy = 5, then a = ^ / 
ifa-^y^s^— d and « = ^, then y^ss 8. 

The first part of this theorem is usually stated : 
Equals subtracted from equals leave equals, 

240. Theorem. (^^^, a^ = a^^ a^ in all cases. 

For a^=^{a^ + 6,6) §153. 

and a^ = (a^ + c, c). 

Hence a^^ a^^ {{a^ + 6) + c, 6 + (a^+c)) § 239. 

§§ 54, 169. 
= (^1,^2)- §185- 

Therfor (a^, a^ = a^^ a^, §§ 175, 171. 

241. Theorem. If a> ^^ then a — yy>^^yy and 
conversely. 

The proof of this is formally the same as that of 

§237. 

242. Theorem. If a>^, then y^a<iy-'^^ and 

conversely. 

Since a > )9, « < ^9. § 189. 

Hence y'^'o-<y + ^^ §§188,216. 

Or y-^a<^y^^, §§223,197. 
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243. Theorem. If a>^ and y= d, then a—y >^'-8 ; 
and conversely^ if a— ^^ > ^ — 5 and x =^ 8, then a > j9 

244. Theorem. If a=^^ and /-> <J, then a^x<P^ ^ > 
and conversely y if a — y <i j9— 5 and a = j9, then /• >5 

245. Theorem. If a>/3 and y<j8, then a—y > ^—S 

246. Theorem. Ifa^j^ and y^S, then a — y^^ — S 

247. Definition. As we connected sums and differ- 
ences of primary numbers by plus and minus signs, 
so we may connect sums and differences of integers by 
plus and minus signs, using parentheses to indicate the 
order in which the various operations of addition and 
subtraction ar performd. Every such expression is 
univalent, since every sum and every difference is 
univalent. §§ 203, 220. 

Such an expression is calld a complex algebraic sum. 
The integers from which it is formd ar calld its elements. 

If the signs between integers in a complex algebraic 
sum ar all plus, the complex algebraic sum is calld 
simply a complex sum. 

248. Theorem. If for one or more elements of a 
complex cdgebraic sum equal integers ar substituted^ the 
complex sum is unchanged, 

249. Theorem, (a + ^) + ;- = « + (^ + ;-). 

For (a +^) + 7- = {{a, + b^ + r„ {a^^ b^^c^ 

and a + (^ + ;-) = (^^ + (^,+^1), a^ + (^2 +^2 ))• 

But (^1 + b^ +c, = a, + (b, + c,) § 54. 

and {a^ + b^) + c^ = a2 + (b^ + c^. 

Therf-or (« + /9) + r = « + 0^ + r). 

6 
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This theorem is the Associativ law for Addition of 
Integers. 

260. Theorem. Any complex sum of integers is in- 
dependent of the arrangement of its parentheses and the 
order of its elements. 

This is proved in the same way as the corresponding 
theorem for primary numbers, § 59. 

This theorem is the Generalized Associativ and Com- 
mntativ Law for Addition of Integers. 

251. Hence we may speak of a sum 
a + ^ + 7' + S + e + ... without any parentheses, and 
may write the elements of the sum, a, ^, y^ S, e, -- ., in 
any order we please without altering it. 

262. Theorem. The sum of the left members of any 
number of equalities is equal to the sum of the right 
members. 

Thus, if a = ^, ;- = 5, e = ?, 3y = ^, . . ., then 

This may be proved in the same way as § 57. 

263. Theorem. If a^^, T^^* ^ ^ ?, ?7 ^ ^, • • •, 

then a+r + « + ^+---^/' + ^+?+^+--- 
If the sign of one of the given statements is >, the 

sign of the result is >. 

264. Theorem. The sum of any number of positiv 
integers is a positiv integer ; the sum of any number of 
zero integers is a zero integer ; the sum of any number 
of negativ integers is a negativ integer. 

To prove the first part of the theorem, we know 
that the sum of two positiv integers is a positiv in- 
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teger (§ 206). Hence the sum of that sum and a 
positiv integer is positiv, and so on. By applying the 
rule n — 1 times we prove that the sum of n positiv 
integers is a positiv integer. 

Similarly the other parts of the theorem ar proved. 

255. Theorem. The sum of any number of zeros is 
equal to zero, 

256. Theorem. —(« + /?+ 1-^4.3^ + ^) 

For -- (a + ^ -^ . . . + f + 3y + ^) 

= -{([(« + /?+ --O + tJ +7) + ^} 

= -[(« + /5+ •••) + n +? + ^ 
= etc. 

257. Consider next any complex algebraic sum. 
Change all the — signs befor integers and befor 
parentheses to +, at the same time changing the 
signs over the corresponding integers or parentheses 
(§227). Next remove all — signs from over paren- 
theses, changing the signs over all the integers in 
these parentheses (§ 256). 

Take the following expression as an example : 

-{[«+(-^-((r-5)+(?-C)) + 'y)-<']+(^+^)}- 

Making the above mentiond changes, this be- 
comes 

I [« + (^ + ((r + S) +(i + c)) +^) + <>] + (^+ ?)}. 
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We now hav an expression in which all the signs 
connecting integers ar + signs. All parentheses may 
therfor be removed (§ 251). Thus we get 

* 

The sign over any given integer in the result can be 
obtaind by counting the minus signs which ar over 
the integer, befor it, and befor the parentheses within 
which it lies in the original expression. These ar 
calld the minus signs that affect the given integer. 

If the number of these minus signs is odd, the sign 
over the integer in the result will be minus ; if their 
number is even, the sign over the integer will be plus, 
or ther will be no sign over it (§ 166). For, every 
time a minus sign is removed from befor an integer, 
the sign over the integer must be changed ; and the 
same must be done when a minus sign is removed 
from in front of a parenthesis in which the integer lies. 

Thus in the given expression ther ar four minus 

signs affecting 3, one over it, one befor it, and two in 

front of parentheses within which it lies. Therfor the 

sign of 3 in the result is plus. Ther ar three minus 

signs affecting e. Hence the sign of e in the result 

is minus. 

The principle proved above may be stated as 
follows : 

Theorem. Hcndng given any complex algebraic sum, 

we may remove all parentheses^ if we write a plus sign 

befor every integer and place over the integer a minus or 
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a plus sign, according as the number of minus signs af- 
fecting it is odd or even. 

This theorem may be calld the Associativ Law for 
Addition and Subtraction of Integers. 

268. Definition. The expression considerd above 
may be written without any signs over its integers as 
follows : 

{([({([(-« + ^) + r] + ^)-^} 

-0-7] +<?)-^} -A SS2S0.227. 

Such an expression is calld a standard algebraic 
snm. 

The parentheses ar usually omitted from a standard 
algebraic sum. Thus the above expression may be 
written — a-|-/9 + 7'+5 — e — {; — g; + ^ — ^ — ^. 

In such an expression the operations ar supposed 
to be performd from left to right ('). A parenthesis 
could not be inserted as follows : 

In what follows we will use the term algebraic sum 
to indicate a standard algebraic sum whose parentheses 
hav been removed. 

259. The integers in the algebraic sum linder con- 
sideration in § 257 may also be .arranged in any order 
§ 250. 

(1) See E. Bardey, '*Resultaten zur Aufgabensammlung/' 1871, p.2 ; 
Schrdder, "Le'hrbuch der Arithmetik und Algebra,** 1873, Vol. I, p. 
219; Stolzund Gmeiner, p. 9* 
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Thus a +^ + 7' + (J + r+(f + 5y*+ + d+ J9 may 
be written ^ + d+a+Y+e+'^ + d + ^+^+S, 
or ^4.5 — a + T-— e — C+^ — 7 — ^ — 



We may state this result as follows : 

Theorem. Having given any algebraic sum, the 
order of its elements may be changed in any way, pro- 
vided the sign befor each element goes with it. 

This may be calld the Commutativ Law for Addi- 
tion and Snbtraction of Integers. 

260. A convenient arrangement of the elements in 
any algebraic sum is one in which all those preceded 
by the plus sign ar written first and then those pre- 
ceded by the minus sign. 

Thus the expression considerd above would be- 
come ^ + ^' + 5+^ — a — e_(^ — ^ — 5 — ^. 

The integers preceded by the minus sign may now 
be enclosed in a parenthesis with plus signs between 
them and a minus sign befor the parenthesis (§§ 223, 
256). Thus the above expression is equal to 

This result may be stated in the following theorem. 

Theorem. Any algebraic sum is equal to the sum of 
those of its elements which are preceded by the plus sign 
minus the sum of those which ar preceded by the 
minus sign, 

261. Cancellation. Suppose we hav an algebraic 
sum two of whose elements ar equal, but one preceded 
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by the plus sign and the other by the minus sign. 
Then these integers with their signs may be removed 
from the given expression. 

For, suppose the equal elements with their signs ar 
+ a and — ;9. The order of the elements of our sum 
may be changed so as to bring these integers to the 
end of the expression. Represent all of the algebraic 
sum thus obtaind except the + a and — ^ by //. 
The algebraic sum is then reduced to the form [i+a^ ^. 
This may now be written /-« + (a — ^3), or // + o (§ 233), 
which equals //. 

Thus in th(e algebraic sum considerd in § 260, 
since ^ = ^, ^ and — /? may be omitted ; similarly 
+ d and — d may be omitted. This may be indicated 
by drawing a line thru these letters, or cancelling Q) 
them, thus : 

The given expression is, then, equal to 

We may state the result proved above as follows. 

Theorem. If in any algebraic sum tivo elemeitts ar 
equaly but one is preceded by the plus sign and the other 
by the minus sign, these elements with their signs may 
be removed from the given expression, 

(») See Fisher and Schwatt's " Text-Book of Algebra," 1898, Part 
I, p. 25. 
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TRANSPOSITION. 

262. Theorem. Ifa = ^^ then a — ^ = o. 
Sincea = j9, a — /9==j9 — ^. §237. 
Or a — ^ = 0. §228. 

263. Theorem. If a= —^, then a + ^ = o. 

For a-(-/9) = a + ^. §225. 

264. Theorem. Ifa^^ + fy ^^^ « — T = ^• 
Since a=/? + 7', a--y^^ + y---y. § 237. 

Or a^-r^?' §261. 

265. Theorem. ^ a = ^ — ;', /A^;^ a + y = ^, 

266. Theorem. -^;y/ integer in either member of an 
equality may be transposed (^) to the other ^ if its sign is 
cftangedy the member from which the integer is remmjed 
becoming zero, if the integer transposed was the entire 
member. 

This follows immediately from §§ 262-265. 

267. Theorem. The signs of all the integers in an 
equality may be cJianged, 

This is proved by transposing all the integers, by 
§ 266, and then reversing the equality. 

Thus, if a + ^=-;' + 5, 

Hence — a — ^ = ;' — 5. 

(') See Beman and Smith, " Elements of Algebra,** 1900, p. 148. 
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268. Theorem. If a>^, tfien a — /? > o. 
This is proved in the same way as § 262. 

269. Theorem. If a> — ^, then a + ^ > o. 

270. Theorem. Ifoi>^ + x, tlien a — 7^ > )9. 

271. Theorem. If a^^ — y, then a + y^ ^. 

272. Theorem. Ifa<cfi, then a — ^ < o, 
278. Theorem. Jfa<:: — ^, then a + ^ < o. 
274. Theorem. If a<,^ + y, then a — ;^ < j(9. 
276. Theorem. If a^^^y, then a + y<^. 

276. Theorem. Any integer in either "^nember of an 
inequality may be transposed to the other ^ if the sign of 
tlie integer is changed^ the member from which the integer 
is removed becoming zero, if the integer transposed was 
the entire member. 

277. Theorem. The signs of all the integers in an 
inequality may be changed, if the sign of inequality is 
changed, from > to <, or from < to >. 

Thus, if a-^^>—y — 8, 

y + d>-a + ^. 

Hence ^a + p<:y+ 8, 

278. Theorem. Equal integers, one in each member 
of an equality or inequality and preceded by the same 
sign, may be canceld. 

This follows from §§ 266, 276, 261. 

279. Integers orderd. We will now arrange our 
system of integers in a series so that each shall be one 
less than the succeeding one. We hav seen that in 
the natural series of primary numbers each number is 
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one less than the immediately succeeding number 
(§ 133). Starting with any given primary number we 
could therfor, by successivly subtracting ones from it, 
obtain all the primary numbers below it, down to one. 
But we could not continue beyond this point as ther 
is no primary number smaller than one. 

With integers, however, we can continue this process 
as far as we please. 

Thus I— 1 = 0, o — 1=7, 

7 - I = - (i + i) = 2, 2 - I = - (2 + i) = 3, . . . 
Thus we hav the series 



• • •, 9, ^» 7, 6, 5> 4, 3» 2, I, o, I, 2, 3, 4, 5, 6, 7, 8, 9,. . . 

If a is any negativ integer in this series, the one 
preceding it is ^ — I or — (^ + i). Hence the opposit 
of every primary number will be found somewher in 
the series (§ 65). And since every negativ integer is 
the opposit of some primary number, every negativ 
integer will be found in the series. We also hav zero 
and every positiv integer in the series. Therfor the 
series includes all the integers (^). 

280. . Definition. The series given above may be 
calld the natural series of integers. The number o is 
calld the center of the series. The other integers may 

(') Negativ integers and zero seem to hav been freely used as num- 
bers first by Descartes in the seventeenth century. See his ** La G6o- 
m^trie,'* 1637. The first traces of such use ar, however, found in the 
work on astronomy of Bh&skara, an Indian mathematician of the 
twelfth century. 
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be obtaind by adding to and subtracting from zero 
in succession the natural series of primary numbers. 

§§ 209, 230. 

281. Theorem. In the natural series of integers each 
integer is one greater than the preceding integer. 

For, if a = j9— I, j3 — a= I. 

282. Theorem. Ther is no greatest integer and ther 
is no smallest integer. 

The first part of the theorem follows from the fact 
that every positiv integer is a primary number and is 
greater than zero and greater than every negativ integer. 

The second part follows from the fact that every 
negativ integer is less than zero and less than every 
positiv integer, and that — (^+i)< — ^z. §235. 

This theorem is equivalent to the statement that 
the series of integers has no beginning and no end ; it is 
limitless, or infinity in both directions, 

283. Theorem. If a is any integer in the natural 
series, the integers that immediately precede a ar in order 
a — I, a — 2, a — j, ..., a — ;«, a — (« + /),... , and those 
that immediately follow a ar in order a + 1, a + 2, 

« + J, • • • , « + ^, « + (« + ^), • • • , «^^^ A ^, J, • • • > 
n, n + I, **' is the natural series of numbers. 

Let the integers that immediately precede a in order 

Then ^ = a — i, § 279. 

7' = ^-l = (a-.l)-l=a-(l + l) = a-2, 

§ 260. 
5 = 7-— 1= (a— 2)— i = a— (2+ i) = «— 3, 
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Moreover, if /c = a — «, 

^ == « — I =(« — «)— I =a a — (;« + i). 

Hence the integers ^, y, 5, . . . , /r, ^, . . . ar equal re- 
spectivly to the integers a— i, a — 2, a— 3, •••, 
« — «, a — (;^ + i), . . . 

In this series the numbers subtracted from a ar each, 
after the first, obtaind from the preceding by adding i 
to it. These numbers ar therfor the natural series of 
numbers. 

The last part of the theorem is proved in the same 
way as § 69. 

Thus the natural series of integers may be written 
with a as a center as follows : 

...,« — («+ i), a — «,..., a — 3, a — 2, a — I, a, 
a + I, a + 2, a + 3, . . . , a + «, « 4- (« + i), • • • 

284. Theorem. If (i<.^<.yy ^ is one of the num- 
bers in the natural series of integers between a and y. 

Let ^ — a = 5 and 7* — /? = e. 

Then /? = a + 5 and y' = ^ + e, wher 8 and e ar posi- 
tiv. §§266, 234. 

The proof is now the same as that of § 1 39. 

286. Definition. When a < ^ < ;-, ^ is said to lie 
between a and y in magnitude. 

286. Theorem. If a and /? ar any two consecutiv in- 
tegers in the natural series of integers^ ther exists no 
integer between a and /?. 

Suppose a<ix <^^. 
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Then ^^a^^-^r + T"^ § 261. 

= (^-r) + (r-«), §257. 

wher ^ -—T and /^ — « ar positiv. § 234. 

Therfor ^ — a> ^ — r^ i- 

The proof is now the same as that of §141. 

287. Definition. In the natural series of integers 
the alternate integers commencing with zero and going 
either way ar even ; the others ar odd. This agrees 
with the definition of § 68 for primary numbers. 

Thus 

• • •, 8, 6, 4, 2, o, 2, 4, 6, 8, • • • ar even ; 

• • •, 9, 7, 5> 3> ^ i> 3> S, 7, 9> • • • ar odd. 

288. Theorem. If a is even^ a is even ; if a is odd 
a is odd. 

289. Theorem. The sum of two even integers y or of 
two odd integers y is even ; the sum of two integers ^ one 
of which is even and the other oddy is odd; and con- 
versely y if the sum of two integers is eveny they ar either 
both even or both odd; if the sum of two integers is odd, 
one must be even and the other odd. 

For the direct theorem, suppose first that a is an 
even integer. 

Now, if j9 is zero, a^ ^ = a and a + j8 will be 
even. § 182. 

If j9 is positiv and equal to by consider the portion 
of the natural series of integers 

a+ I, «+ 2, a + 3, ..., a4-i>. 
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Since a is even, the first of these numbers is odd. 
Hence the second is even, the third odd, etc. 
If we make these numbers correspond to the num- 
bers 

I, 2, 3, •••, ^, 

we see that the numbers of the first series which cor- 
respond to odd numbers in the second ar odd and 
those that correspond to even numbers in the second 
ar even. 

Therfor a -|- ^ is odd or even, according as ^ is odd 
or even. 

If )9 is negativ and equal to — b, we consider the 
series of integers 

a — I, a — 2, a — 3, . . ., a — ^ 

and see in a similar manner that a + )9, or a — ^, is odd 
or even according as ^ is odd or even. 

Therfor, in all cases, if a is even, a + j9 is odd or 
even according as ^ is odd or even. 

The case when a is odd is proved similarly. 

Each part of the converse theorem may be proved 
by the method of exhaustion. 

For the first part, when the sum is even, ther ar 
only three possible cases. 

Either one integer is even and the other odd, or 
both ar even, or both ar odd. 

If one were even and the other odd, the sum would 
be odd, by the direct theorem. 

But, by the hypothesis, the sum is not odd. 



POSITIV, ZERO, NEGATIV. 95 

Hence we cannot hav one even and the other odd. 

Therfor they ar either both even or both odd. 

The syllogism for the last step of this proof is an 
amplified form of syllogism V of § 131. It may be 
written schematically as follows : 

Major Prentis, Either A is -ff, or C is D, or E is F, 

Minor Premis, A is not B, 

Conclusion, Therfor either C is Z>, or E is F, 

For the second part of the converse theorem, the 
same three cases ar to be considerd. 

We may show by the indirect method that the last 
two ar impossible. 

Therfor the first case must be true. 

The syllogism used here may be written, changing 
the order of the cases : 

Major Premts, Either A is B, or C is D, or E is F. 

Minor Premis, A is not B and C is not D, 

Conclusion. Therfor E is F, 

290. Theorem. The difference of two even integers, 
or of two odd integers^ is even ; the difference of two in- 
tegers , one of which is even and the other odd, is odd ; 
and conversely, if the difference of two integers is even, 
they ar either both even or both odd ; if the difference is 
odd, one must be even and the other odd. 

This may be proved indirectly using § 265. 

291. Theorem. The sum of any number of even in- 
tegers is even ; the sum of an even number of odd inte- 
gers is even ; the sum of an odd number of odd integers 
is odd. 
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The first part of the theorem follows from § 289 by 
the method used to prove § 254. 

For the second part, if we add the odd integers to- 
gether in pairs, the original sum will be the same as 
the sum of a number of even integers (§ 289). Hence 
this part of the theorem follows from the first part. 

To prove the last part, the sum of all the integers 
except one will be the sum of an even number of odd 
integers, and hence even. Hence this sum plus the 
remaining odd integer will be odd. § 289. 

292. Theorem. An algebraic sum of any number of 
even integers is even ; an algebraic sum of an even num- 
ber of odd integers is even ; an algebraic sum of an odd 
number of odd integers is odd. 

This is proved by changing all the minus signs be- 
for integers in the algebraic sum to plus, changing also 
the signs over these integers, and then applying 
§§ 288, 291. 

293. Theorem. If a and ^ ar two successtv even in- 
tegers or two successiv odd integers in the natural series 
of integers^ ^ = a + 2 ; and conversely ^ if^=^a + 2 and 
a is even, /9 is even ; if a is odd, /9 is odd. 

For the first part of the theorem, )9 = a + 1 + i. 
Hence the theorem follows. 

The converse theorem is proved by reversing the 
steps. 

294. Theorem. Every even integer can be obtaind 
from every other even integer and every odd integer can 
be obtaind from, every other odd integer by adding to. 
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or subtracting from, it a certain number of twos ; and 
conversely, every integer that can be obtaind from 
another integer by adding to, or subtracting from, it a 
number of twos is even or odd according as that integer 
is even or odd. 

m 

For, if K and a ar two even integers and k comes 
somewher after a in the natural series of integers, the 
even integer next after a is a + 2 (§ 293), the next 
one a + 2 + 2, the next a + 2 + 2 + 2, and so on. 
And K is one of this series of numbers. 

If /c comes somewher befor a, the even integer next 
befor a is a — 2, the one befor it a — 2 — 2, the next 
a — 2 — 2 — 2, and so on. 

Similarly if k and a ar odd integers. 

The converse theorem is proved by applying § 293. 

295, Definition. The system of integers is calld a 
closed  system with reference to the operations of ad- 
dition and subtraction, because each of these opera- 
tions can be performd on any two integers and the re- 
sult of the operation is always a number of the system. 



CHAPTER IV. 

MULTIPLICATION. 

296. Definition. Product. By the generalized as- 
sociativ law for addition of integers the sum of a 
group of n a's, wher a is any integer and n a primary 
number, is the same, however we group the «'s in 
parentheses in finding their sum. This sum, then, is 
univalent and is determind by a and n Q). We will 
therfor call it the product (^ of a and n. 

This definition implies that n^ i. For to hav a 
sum we must hav at least two elements. But just as 
we speak of a group consisting of only one object, so 
we will speak of adding a group of n a!s, even when 
« = I, the result of the addition being a itself. 

Thus the product of a and n may in all cases be 
defined as the sum of a group of n a's. 

The product of a and n may be indicated by either 
of the symbols a x n, an (^), or simply an (*), 

(^) See Stolz und Gmeiner, p. 21. 

(') See Schubert, £ncyklop9.die, p. 14. 

(') See Euler, p. 9. 

{*) The sign X ^^ indicate a product was apparently first used by 
Wm. Oughtred in 1 63 1 . See his * ' Clavis Mathematica Denuo Limata, * ' 
1648, p. 10. The sign • was used by T. Harriot in 163 1 to denote a 
product. See his <<Artis Analytical Praxis,*' 1 631. Stifel in 1544 in 
his ** Arithmetica Integra '' indicated the same by juxtaposition. 

98 
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which ar read " a times n^' or simply " a;^." Thus 
an stands for a + « + a -f >*- {n times). 

The integer a is calld the base of the product, the 
primary number n the coefficient. 

The product an is also calld a multiple, an n-mnltiple, 
of a ; ax I is the unit multiple of a. 

297. Definition. Operation of Multiplication. The 
product an is obtaind from a and n by an operation, 
the operation of adding n a*s. This operation is calld 
multiplication and a is said to be multiplied by n. In 
this operation a is the operand, passiv element, or 
multiplicand, and n the operator, activ element, or 
multiplier Q). 

298. Theorem. The product an is positiv if a is 
positivy zero if a is zerOy negativ if a is negativ. 

This follows immediately from § 254. 

299. Tbeorem. ax i = a. 

For a X I stands for a. Hence ax I = a. 

§ 170. 

300. Theorem. 1x1=1. 

801. Theorem, a x n=^ a +a + a + . . • (« times). 
For a X n stands for a + a + a + . . • (« times). 
Hence aX» = « + a + a+"-(« times). § 170. 

802. Theorem. \ x n^n. 

This follows immediately from §§ 301, 63. 

808. Theorem, ox » = o. 

This follows immediately from §§ 301, 255. 

804. Theorem. (— a) » = — {an), 

(^) See Schubert, EncyklopSldie, p. 14. 
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Fora+a + a + ..' ;^times = 

— (« + « + «+...« times). § 256. 

That is, (— a) ;^ = — {an ). § 175. 

805. Theorem. If either a or n is even, an is even ; 
if both a and n ar odd, an is odd. 

This follows immediately from §§ 301, 291. 

306. Theorem. Ifa = ^,an = ^n. 

This is proved by adding together n equalities of 
the form a = /9. §§ 252, 301, 175. 

807. Theorem. 7fa>^,an> ^n. 

This is proved by adding together n inequalities of 
the form «>/?. §253. 

808. Theorem. If m — n, am= an. 

For am represents the sum of m a*s and an the 
sum of n a's. 

Since m = n, ther ar as many a*s in the one group 
as in the other. § 5. 

Hence the expressions am and an ar different sym- 
bols for the same sum. 

Therfor am = an, § 170. 

809. As a product is an integer, we may multiply 
it by a primary number or we may combine it with 
other products or integers by plus or minus signs, 
using parentheses to indicate the order in which the 
various operations ar performd. Thus we may hav 
expressions like (am) + (j9«) and a ((/ + m) n). 

All such expressions ar univalent. For every sum, 
difference, and product is univalent. §§ 203, 220, 296. 
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Generally, in complex expressions involving multi- 
plication with addition or subtraction, or both addition 
and subtraction, parentheses ar omitted from around 
products (^). They should never be omitted from 
around sums or differences, when such omission would 
cause misunderstanding. Thus al + mn is understood 
to mean (a/) + {mtC) and not «[(/+ in)n\. 

310. Theorem. am + an = a(m + »)(*). 
For am + an^(a + a + a+'"m times) 

+ (a+a4-aH n times) §§ 301, 214. 

^a + a + a-\ (m + n)times §§250, 37. 

= a (m + n). § 301. 

Therfor 

am + an=z a{fn + «). § 175. 

This theorem is the Left-handed Di8tributiy(^) Law 
for Mnltiplication and Addition. 

311. Theorem. «« + /9« = (a + ^)n. 
For a« + /?« = (a + a + a + . • • « times) 

+ (j9 + ^ + ^H n times) 

= (a + ;9) + (a + ^) + (a + j9) + . . . ;i times 
= (a + ^)n. 

Therfor an + ^n=^{a + fi)n. 



(') See foot-note p. 85. 

(')See Schubert, Encyklop&die, p. 14; Tannery, p. 57. 
(•) The term ** distributiv," in this sense, was first used by Servois, 
Gergonne's Annales^ Vol. V, 18x4, p. 98. 
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This theorem is the Right-handed Distributiv Law 
for Mnltiplication and Addition. 

312. Theorem. Ifm>n,afn — an^ a{m — ti) ; and^ 
if a is positiVy am > an ; if a is negativ, am < an. 

Since m'>n, m = x+ n and m^ n== x. 

Hence am = a{x + ti), § 308. 

Or am = ax + an and am — an^ax, § § 3 10, 266. 

Hence am — an = a(m — n). §§308,173. 

Moreover, if a is positiv, ax is positiv. § 298. 

Hence am — an is positiv and am '>an. § § 176, 234. 
Similarly, if a is negativ, am < an, 

313. Definition. According to the definition for a 
product given in § 296, the multiplicand may be any 
integer, but the multiplier must be a primary number. 
We ar now ready to extend the definition to the case 
whe» the multiplier is any integer. 

By § 3 1 2, when 6^ > ^^ the product a(^j — d^ is . 
ad^ — aJb^ ; that is, when b^ > b^y a{b^y b^ represents 
a^j — ai^ (§ 240). Moreover the symbol ab^ — ab^ is 
univalent in all cases. §§ 296, 220. 

If, therfor, we make ab^—ab^ the product of a and 
{^v ^2) ^^ ^^^ cases, our definitions will not be contra- 
dictory. 

Formally, then, we define : a{b^, b^ represents 

(1) S«e Schubert, Encyklop&die, p. 15. 
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314. Operation of Mnltiplication of Integers. 

The product a^ of two integers is obtaind by an 
operation. For aJ?^ and ab^ ar each obtaind by an op- 
eration (§ 297) and then ai^ is subtracted from aJ?^, 

This operation is calld multiplication of integers ; a 
is the mnltiplicand and ^ the multiplier. * 

316. Theorem, a/? = ab^ — ab^. 

For aj8 represents ai^ — ab^ and hence 

316. Theorem, i x a = a. 
For 



I X a =» I X ^1 — 


I 


X 


^2 §3X5. 


= ^i - ^2 






§§302, 239. 


= a. 






§240. 


I X « = a. 






§175. 



Therfor 

317. Theorem, o x a = o. 

For ox« = ox^i — oxtfj 

= — 
= 0. 

318. Theorem, a x o = o. 



For a X = a^i — ac^, wher 


^1 


= ry 


§ 181. 


Since r^ = c^, ac^ = ac^. 






§ 308. 


Hence ac^^ €u:^ = 0. 






§ 262. 


Therfor ax 0=0. 






S 173. 


319. Theorem. 0x0=0. 
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320. Theorem. The product of two positiv^ or of two 
negativ integers ^ is positiv ; the product of two integers^ 
one of which is zero^ is zero ; the product of two integers^ 
of which one is positiv and the other negativ y is negativ; 
and conversely y if the product of two integers is positiv ^ 
they ar either both positiv or both negativ ; if the product 
is zero, one of them must be zero; if the product is nega- 
tiv , one must be positiv and the other negativ. 

Suppose, first, that a and j9 ar both positiv. 

Then ^i>^2. § 159. 

Hence ai^ > aJf^. § 3 1 2. 

Therfor a^j — ab^ is positiv. § 234. 

That is, a^ is positiv. §§ 315, 176. 

The other cases of the direct theorem ar proved in 
a similar way. 

The converse theorem is proved by the method of 
exhaustion. 

321. Theorem. (— a)^ = — (a^). 

For (- a)^ = (- a)b, - (- a)b, § 3 1 5. 

= -K)-(-H2)) §§304,239. 

= -(«/?). §§315, 177. 

Therfor (- a)/9 = - (a/9). § 175. 

322. Since the expressions (— a)^ and — {a^) ar 
equal, the parentheses may be omitted and both be 
written — a^. 
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328. . Theorem. a(— ^) = — (a)9). 
For a( - i9) = a{b^ b^ ^ah^^ab^ 

324. Theorem. (— a) (— ^) = a/?. 
For(-a)(-^)=-(«(-^)) §321. 

= -(-(«^)) §§323, 177. 

= aiS. - § 184 

326. Theorem. (— i)^ = — ^. 
326. From the theorems of §§ 170, 321, 323, 324 
we derive the following equalities : 

(+ «)(+ ^) = + «A 

(- «)(+ ^) = - «A 
(+ «)(- ^) = - «A 

(- «)(- ^) = + a^. 

These equalities may be included in the following 
statement. 

Theorem. If a product consists of two factors each 
of which is an integer preceded by a plus or a minus 
sign, tlu product is equal to t/ie product of the given 
integers preceded by a plus sign, if the signs of tfie two 
integers ar alike, but by a minus sign, if tliose signs ar 
unlike. 

This theorem is the Bnle of Signs for Multiplication. 

It is usually briefly stated : In multiplication like 
signs giv +, unlike signs — . 



4 

^ 

i^ 
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In particular we hav (^^ a)6 = a(— d)= ^ (ad) 
and (— a) (— d) = ad, 

327. Theorem. Ifyis zero, ay = ^y. 

For then ay and ^y ar both zero. § 320. 

328. Theorem. Ifyis zero, ya = y^, 

329. Theorem. Ifa^^, o.y^^y. 

Since « = )9, ar^ = /Sr^ § 306. 

and o^Tj = ^^y 

Hence o^j — or^ = ^9^^ — ^c^ § 239. 

Thai is, ay — ^y. § 31 5- 

330. Theorem. If a^^, . ya = yp. 

Since a = )9, ^1 -f ^2 *= ^2 + ^r § ^^^* 

Hence /-(^^ + ^2) = r(^2 + *i)- § 3o8. 

Or ya^ + 7-^, = 7-^3 + yb^. § 3 10. 

Therfor ya^^ — 7*^2 = T^\ ~" r^2* § ^^^* 

That is, ya = t'/?. 

331. Theorem. If a^ ^ and y=^d, then ay = ^8. 
This is proved in the same way as § 214. 

This theorem is usually briefly stated : Equals mul- 
tiplied by equals giv equals, 

332. Theorem. If a> ^ and y is positiv, ay > ^y. 
Since y is positiv, it is a primary number c. 

Since a > ^, as> ^c. § 307. 

But, since y = c^ a:y=s OjC 
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and ^^ = ^r- §330- 

Therfor a^ > /9;'. § 197. 

333. Theorem. Tfa>i, aa>a. 

This follows immediately from § 332 by putting i 
instead of ^ and a instead of y, 

334. Theorem. If v is any positiv integer ^ ther is a 
positiv integer a such that aa > v. 

If V > I, this theorem follows immediately from the 
preceding. 

If V = I, we hav 2 x 2 > 2 by § 333. 
Hence, since 2 > i, we hav 2 x 2 > v. 

335. Theorem. If a> ^ and y is positiv ^ ya > y^. 

Since a > ^, a^j^b^> a^-\- b^ § 186. 

Hence r (^i + ^2) > r (^2 + *i)- § 3 1 2. 

Or r^i + r*2 > r^2 + r^^. § 310. 

Therfor ya^ — I'^j > yb^ — ^'^g. § 276. 

That is, r^>rf^' §315- 

336. Theorem. If a> ^ and y is negativ, ary < ^y. 
Since 7' is negativ, — t' is positiv. § 164. 
Hence, since « > ^, 

«(-r)>/?(-r). §332. 

Or ^{ay)>--{Py). §323. 

Therfor ay<i^y, § 189. 

337. Theorem. If a> ^ and y is negativ^ ya < y^. 
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338. From the theorems of §§ 332, 335-337 we 
deduce the following : 

Theorem. If a ^ ^ and y ^ o, o-y ^ ^y- 
For then either a > /? or ol<^^^ and y is either 
positiv or negativ. 

Hence either ay ^ ^ or ay <C^ ^, 

339. Theorem. Hence, t/ay^ fiy, either a^^ or 

r = o. 

340. Theorem. If a^ ^ and 7* 4= o, ya^ y^. 

341. Theorem. Ifya^ y(i, either y == o or a ^ ^. 

342. Theorem. If a^ o and )9 4= o, afi ^ o. 
This is proved from § 338 by replacing the ^ and y 

of that theorem by o and /? respectivly. 

343. From this we may deduce the following im- 
portant theorem. 

Theorem. Ifa^=sO, then either a = o or ^^o. 

344. Theorem. From the last theorem and §§317, 
3 1 8 we conclude that the product of two integers equals 
zero when, and only when, one of these integers is equal 
to zero. 

346. Theorem. If a^>^y and y is positiv , a > ^. 

For either a = j9, or « < ^, or a > )9. § 187. 

If a were equal to /9, ay would equal ^y. § 329. 

But ay is given greater than ^y and hence cannot 
equal ^y. § 187. 

Therfor a cannot equal /9. 

Similarly it may be shown that a cannot be less 
than^. 

Therfor a > j8. 
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346. Theorem. If ay^ ^y and y is negativ, a < ^. 

847. Theorem. Ifya^y^ and y is posiiiv, a > j9. 

848. Theorem. If ya>y^ and y is negativy a<i^. 

849. Theorem. If a> ^ and y^d ; then, if y is 
positiv, ay'^ fid ; ifyis negativ, ay < ^S. 

This is proved like § 217. 

860. Theorem. If a> ^ and y>i ; then, if a and 
d, or ^ and y, ar both positiv, a:y> ^d ; if a and d, or 
^ and y, ar both negativ, acy < ^d. 

If a and d ar both positiv, since y> d, 

«r>«^- §335- 

Since a >^, ad>^8. §332. 

Therfor ccy^ ^d. § 191. 

Similarly the other parts of the theorem ar proved. 

851. Theorem. If a ^ ^ and y = d, then ay 4: ^d, 
provided y ^ o. 

For, if a> j9, a:y%^d according as y is positiv or 
negativ. 

Similarly if a < /9. 

Therfor in both cases ocy 4= ^S. 

852. Theorem. If ay ^^8 and y = 8, then a = ^, 
provided y ^o. 

858. Theorem. If a:y=^ ^d and « > j9, then, if a 
and d,or p and y, ar both positiv, or both negativ, y <.S. 

This may be proved by the method of exhaustion. 

854. Theorem. If ay> ^b and a = j9 / then, if a is 
positiv, y>^ ; if a is negativ, y <^8. 
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355. Theorem. If ax> ^d and a < ^ / then, if a 
and d, or ^ and y^ ar both positiVy "(> 8, 

356. Theorem. If ay^^d and a > ^ ; then, if a 
and 8, or ^ and y, ar both negativ, y<,8. 

357. Theorem. If aa> ^y and a is positiv, either 
a>j9 or a>y ; if aa> ^y and a is negativ, either 
a<:^^ or a<iy. 

For the first part of the theorem, either a > j9, or 
a = /?, or a < /9. 

In the first case the theorem is true. 
Ifa = /?, then a>y. §354. 

If a < /9, then /3 must also be positiv. § 201. 

Hence a > 7-. §355. 

The second part of the theorem is proved similarly. 

358. Theorem. If 0L^>yy and a is positiv, either 
(i>y or ^^y ; if a^'>yT and a is negativ, either 
a<iy or ^<y. 

359. Theorem. If aa^ ^^, then, if a is positiv, 
^ > i^/ if ^is negativ, a < j9. 

This follows immediately from §357 or §358. 

360. Theorem. If either of two integers is even, their 
product is even ; if both ar odd, their product is odd; 
and conversely, if the product of two integers is even, 
one of them must be even ; if the product is odd, both 
must be odd. 

Let a and ^ be the two integers, a^ their 
product. 

The direct theorem has already been proved in 
§ 305 when j9 is positiv. 
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Suppose j9 is zero. Then a^ is zero and the theorem 
IS true. §§320, 287. 

Suppose ^ IS negativ and equal to — «, wher n is 
even or odd according as ^ is even or odd. § 288. 

Then a)9 =— {an). §§ 330, 323. 

But an is even, if either a or n is even, and odd, if 
both a and n ar odd. § 305. 

Therfor a^ is even, if either a or )9 is even, and odd, 
if both a and )9 ar odd. §§ 288, 182. 

The converse theorem may be proved by the method 
of exhaustion. 

361. As a product is an integer, we may multiply it 
by another integer or we may combine it with other 
products or integers by plus or minus signs, using 
parentheses to indicate the order in which the various 
operations ar performd. Thus we may hav expres- 
sions like (a/9) + (r^) and (a(^ + fj)^. 

362. Theorem. If for one or more elements of a 
complex expression containing integers connected by 
signs of multiplication y with or without signs of addition 
or subtraction y or both, equal integers ar substituted^ the 
complex expression is unchanged. 

368. Theorem, a^ -\- aj- = a(j9 + f). 

Fora^ + «r=(«*i-«^2)+(«^i-«^2)- §§315,214. 

= (abj^ + ac^) — {ab^ + ac^) § 259. 

= «(*i + ^i)-«(*2 + ^2) §§310,239. 
= «(*! + ^1,^2 + ^2) §315. 

= a(i9 + r). §170. 
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864. Theorem. «r + i'r = (« + ^)r- 

865. Theorem, (a + ^(7- + d) = aj'+ ^j' + a8 + ^S. 
Treating a + fi first as a single symbol, we hav 

(a + p)(r + S)^{a + fi)r + {a+fi)d §363. 

= «r + )9r + «* + i55. §§ 364, 214. 

866. Theorem, a^ — a^=z a(^ — y). 

For a^ — 07- = a^ + 67 §§ 223, 323, 213. 

= «(^ + f) § 363. 

= «(i5-r) §§223,330. 

867. Theorem, a^ — ^7- = (a — ^y. 

868. Theorem, (a— ^X^ — S)= ay ^ fiy — ad + ^8. 

869. Theorem. v(« + j9 + 7'+ |-ie + ;i-|-yri) 

= va + Vj9 + XT' + • • • + v« + i^^ + v//. 

To prove this we write «+/J + 7'+ f-#c + ^ + /i 

as a standard sum and apply § 363. 

Thus v(((((a + p) + r)+... + K) + X) + fii) 

= K(((« + i9) + r) + • • • + ^) + ^) + »^/« 
= v(((a + ^) + ;-) + ... + /c) + v^ + v;£, 

and so on. 

This theorem is the Oeneralized Left-handed Distri- 
bntiv Law for Multiplication and Addition. 

870. Theorem, (a + ^ + 7-+ \-k + X + /ji)u 

= av + )9v + T'v + \- KP + X)^ + fiv. 

Proved from § 364 like § 369. 
This theorem is the Generalized Bight-handed Distri- 
bntiv Law for Hnltiplication and Addition. 
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371. Theorem, (a + ^ + (- k)(X + fi+ h p) 

=s al + fix + '•' + kX + afjt + PfjL + • ' • -{- KfjL + * - - 

+ ap -^ fip-\ \- Kp. 

This is proved by applying §§ 369 and 370 in suc- 
cession. 

This theorem may be stated : 7>i^ product of two 
complex sums is equal to the complex sum of all the 
products that can beformd by multiplying an element of 
the first sum by an element of the second, 

872. We may extend the law of § 371 to the prod- 
uct of two algebraic sums. Change all the — signs 
befor integers to + , at the same time changing the 
signs over the corresponding integers. Then by § 37 1 
the given product may be written as a sum of 
products, the only minus signs being those over in- 
tegers. These may now be removed by §§ 326, 

For example (a — ^ — x){r~ ^ + 

= («+?+ r)(^ + «) = «^+ «s + ^^+ h + y^-\-lf^ 
^^ aS+ a£ + ^8 — ^e + j-d — ye. 

Thus we hav» proved the following theorem : 
Theorem. The product of two algebraic sums is 
equal to the algebraic sum of all the products that can 
be formd by multiplying an element of the first sum by 
an element of the second^ the sign befor any one of these 
products being plus or minus according as the signs be- 
for its two elements in the given sums ar like or unlike, 
8 
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373. Definition. When a product of two algebraic 
sums is changed to an algebraic sum of products as in 
§ 372, these latter products ar calld partial products 
and the original product is said to be distributed. 

374. Theorem, an — na. 

For an =a + a + a+...« times § 301. 

= i.a + i.a + i.« + . . . ;^ times 

§§316, 252. 
= (i + l + l + ...« times)a § 370. 

= na. §§63,329. 

375. Theorem, a^ = pa. 

For afi^ad^ — ad^ §315. 

= V — V §§ 374, 239. 

= (^ - *2)« § 367. 

= ^«. §§240,329. 

This theorem is calld the Commutativ Law for Mul- 
tiplication Q). It may be stated : 

In the operation of multiplication the multiplicand 
and multiplier may be interchanged, 

376. Definition. On account of this interchang- 
ability it is proper to giv the multiplicand and multi- 
plier a common name. They ar calld the factors (^) 

(*) For a proof of the commutativ law for multiplication of primary 
numbers see A. M. Legendre, **TheoriedesNombres,*' p. i ; Dirichlet- 
Dedekind, ** Vorlesungen fiber Zahlentheorie," 1879, 4^^ c^-> 1894, 
p. 2 ; Tannery, p. 58 ; Beman and Smith, p. 38. 

(2) See Schubert, "Encyklopadie,'' p. 15. 
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of the product. The first factor is calld the prefactor, 
the second the postfactor (*). 

377. Theorem. Every even integer can be written in 
the form 2a ; every odd integer can be written in either 
of the forms 2a + i and 2a — 7 / and conversely y every 
integer that can be written in the form 2a is even ; 
every integer titat can be written in either of the fofms 
2a + I and 2a — i is odd. 

In the first place, since o = 2.0, the theorem is true 
for the integer zero. 

Second, every positiv even integer can be obtaind 
by adding a number of twos to zero. § 294. 

If the integer equals o+2 + 2 + 2 + ...« times, 
then it equals 2n. §§ 209, 301. 

Hence the theorem is true for every positiv even 
integer. 

Next, every negativ even integer can be obtaind 
by subtracting a number of twos from zero. 

Thus it equals o— 2 — 2 — 2 — •••^ times, or 
— 2my which equals 2( — m). 

Hence the theorem is true for every negativ even 
integer. 

Moreover, since every odd integer can be obtaind 
by adding one to the even integer preceding it in the 
natural series or subtracting one from the even integer 
succeeding it, every odd integer can be written in 
either of the forms 2a + i and 2a — i. 



(1) See J. W. Gibbs, "Vector Analysis," p. 41. 
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The converse is proved by reversing the steps. 

878. Definition. A complex expression containing 
integers connected by multiplication signs only, with 
parentheses to indicate the order in which the succes- 
siv operations ar performd, is calld a complex product. 
The integers from which it is formd ar calld its ele- 
ments. 

879. Theorem. (a^)n = a(fin). 

For (a^)n =z a^ + a^ + afi + ...» times § 301. 

= a(^+^+^+ ...«times) §369. 

= a{Pn). §§30i>330- 

880. Theorem. (oi^)r = ^i^r)- 

For {afi)r=(a^)c,-{a^)c, §315. 

= «(i5^i) - «(^^2) §§ 379, 239. 

= a(fic,-^c^ §366. 

= «(/5r)- §§315,330. 

This theorem is calld the Associativ Law for Multi- 
plication (^). 

881. Theorem. A complex product is independent of 
the arrangement of its parentheses and the order of its 
elements. 

The proof of this theorem is formally the same as 
the proof of § 250, the only difference being that 
multiplication signs replace addition signs. 

(1) For a proof of the associativ law for multiplication of primary 
numbers see Legendre, p. 2 ; Dirichlet-Dedekind, p. i ; Beman and 
Smith, p. 43. 
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Thistheoren\is the Generalized Associatiy and Com- 
mutativ Law for HnltiplicationQ. 

382. Hence we may speak of a product a^ySt . . . 
without parentheses and may write the elements of the 
product, «, j9, ;', S, e, »- ., in any order we please with- 
out altering the product. 

383. Definition. The elements of a complex product 
ar also calld its factors. 

384. Theorem. The product of the left members of 
any number of equalities is equal to the product of the 
right members. 

The proof of this theorem is formally the same as 
the proof of § 252. 

386. Theorem. The product of any number of positiv 
integers is a positiv integer ; the product of any number 
of integers^ one of which is zero, is a zero integer; the 
product of an odd number of negativ integers is a nega- 
tiv integer; the product of an even number of negativ 
integers is a positiv integer. 

The proof of the first part of the theorem is formally 
the same as that of § 254. 

So also is the proof of the second part, if we write 
the zero integer first. 

To prove the last two parts, we know that the 
product of two negativ integers is positiv. § 320. 

Also, if an integer is multiplied by a negativ integer, 
the sign of the result is opposit to that of the first 
integer. § 320. 

(1) See Legendre, p. 2. 
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Hence, when we form a product of any number of 
negativ integers by first multiplying two together, then 
their product by a third, this product by a fourth, and 
so on, the products will be alternately positiv and 
negativ, being positiv for two integers. 

The positiv products will then correspond to an 
even number of integers and the negativ products to 
an odd number. 

386. Theorem. If one of a series of integers is zero, 
their product is equal to zero ; and conversely, if the 
product of a series of integers is equal to zero, one of 
them must be zero. 

The proof of the direct theorem is formally the same 

as the proof of § 255, if we write the zero integer first. 

The converse is proved by using § 343 repeatedly. 

387. Theorem. ( ± a)(zb )9)(± ;-)... = =b {a^y . . .), 
the plus sign being used in the right m£mber, if ther or 
no minus signs or an even number of minus signs in the 
left member, the minus sign being used in the right m£m'' 
ber, if ther ar an odd number of minus signs in the left 
member. 

This theorem follows from § 326 by a method 
similar to that used to prove the last two parts of 

§385- 

388. Theorem. If one of a series of integers is even^ 
their product is even ; if all ar odd, their product is odd ; 
and conversely, if the product of a series of integers is 
even, one of them must be even ; if the product is odd, 
all mtist be odd. 
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For the proof of the first part of the direct theorem, 
if the series of integers is a, ^, y, d, •- -, the first of the 

products a^f («/5)r> (("i^)r)^> ' * ' which has an even 
integer for one of its factors is even. § 360. 

The method of § 254 may then be applied to prove 
that the product of the whole series is even. 

The second part of the direct theorem follows im- 
mediately from § 360 by the method of § 254. 

The converse theorem may be proved by the method 
of exhaustion. 

889. Theorem. Tke product of any number of sums 
is equal to the sum. of all the products that can beformd^ 
each having as a factor one and only one element of each 
of the given sums Q), 

This may be proved by first applying the theorem 
of § 371 to the product of the first two sums, then 
applying the same theorem to the product of this re- 
sult and the next sum, and so on. 

For example, (« + i? + fjip + €)(C + 7 + ^) 
= {ad + ^d + rS+at + ^B + r«)(C + 7 + ^) = «^C + 

^K + rK + «< + ^< + r< + «^? + ^^7 + r^? + «^ 

-f ^£7 + T-e^y + a8d + ^80 + ySO + aed + pe0 + yed. 

890. By the same method as that employed in 
§ 372 we may extend the preceding theorem to the 
product of any number of algebraic sums. Thus we 
get the following theorem : 

Theorem. The product of any number of algebraic 
sums is equal to the algebraic sum of all the products 

(i)SeeG. Chrystal, "Text-book of Algebra,'' 1893, PartL, p. 42. 
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that can beformd each having as a factor one and only 
one element of each of the given algebraic sunts^ the sign 
befor any one of tliese products being plus ^ if none of its 
elements or an even number ar immediately preceded by 
minus signs in the given sums^ and being minus ^ if an 
odd number are so preceded i^), 

391. By § 326 the product of a positiv and a negativ 
integer, or of two negativ integers, may be found when 
the product of the corresponding positiv integers is 
known. 

To multiply two positiv integers, or primary num- 
bers, a and ^, we add b a*s together. The sum ob- 
taind is the required product. 

Or we may join b groups of a objects each so as to 
form a single group. The number of objects in the 
group thus obtaind is the required product. 

392. Multiplication Table (^. In order to make a 
table of the products obtaind by multiplying all pos- 
sible pairs of the numbers i, 2, 3, . . ., R), except those 
products which may not be represented by the sym- 
bols so far defined, we divide a square into compart- 
ments as in § 74 and write the numbers i, 2, 3, . . ., |9 
along the top and left-hand sides of the square as in 
that article. 

In each compartment we wish to place the number 
which is the product of the two numbers found re- 
spectivly at the left of the row and at the top of the 
column in which the compartment lies. 

(J) See Chrystal, p. 50. (2) See Tannery, p. 68. 
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Thus in the first row of compartments we should 
write the numbers that represent the products i x i, 
1X2, 1x3, •••, or I, 2, 3, ... 

In the second row we should write the products 
2x1, 2x2, 2x3, • • • These ar very easily found as 
follows. We write the natural series of numbers i, 2, 
3, 4, 5, 6, ... . Then starting at i we count to the 
second number. This is 2x1. Counting to the 
second number beyond this, the number arrived at is 
2X2 (§ 73). Counting to the second place beyond 
this, we find 2x3, and so on. Thus in the second 
row we write the numbers 2, 4, 6, ... 

The numbers to be written in the third row ar the 
multiples of 3, 3x1, 3x2, 3x3, • • •, which ar found 
from the natural series by counting by threes. And 
so on. 

It will be noticed that the table thus formd, given 
below, is symmetrical with reference to its principal 
diagonal, which might hav been forseen from the com- 
mutativ law for multiplication. 
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Multiplication Table. 
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CHAPTER V. 

NUMERICAL VALUE. 

393. Definition. The nnmerical valne, absolnte valne, 
or modnlns of an integer is, if the integer is positiv 
or zero, the integer itself ; if negativ, its opposit. 

We will use the symbol | « | to denote the numerical 
value Q) of a. This symbol is univalent (§§ i6i, 153). 

Thus|5| = s,|o| = o,|3| = 3. 

394. Theorem. TAe numerical value of a positiv or 

negativ integer is positiv ; the numerical value of a zero 
integer is zero, 

395. Theorem. | a { = | a |. 

If a is positiv, a is negativ. § 164. 

Then | a | = a and | a | = a. § 393. 

Therfor |S| = |a|. § 173. 

If a is zero, a is zero. 

Then | a | = o and | a | = o. 

Therfor | a | = | a |. 

If a is negativ, a is positiv. 

Then|a|=aand|5| = a. 

Therfor | a | = | a |. 

396. Theorem. If two integers ar equals their nu- 
merical values ar equal, 

(') The symbol | a | is due to K. Weierstrass. It was used by him 
in 1841. See his works, Vol. I, p. 67. 
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Let a = j9. Then, if a is positiv, ^ is positiv. § 176. 

Hence | a | = a and | /? | = j8. 

Therfor |«| = |/?|. 

Similarly the other cases ar proved. 

397. Theorem. ^ a = ^, | a | = | ^ |. 
For,by§396,|a| = |^|. But|i8| = |^|. §395. 

398. Theorem. ^ | a | = o, a = o. 
Prove by the method of exhaustion. 

399. Theorem. ^ j a | = | ^ |, either a^^ora='^. 
If ^ = o, 1^1 = 0. Hence | a | = o and a = o. 
Therfor a = ^. 

Similarly, if a == o, a = /?. 

Ther remain four cases to be considered : 

1st, when a and ^ ar both positiv ; 

2d, when a is positiv and )9 negativ ; 

3d, when a is, negativ and ^ positiv ; 

4th, when a and j9 are both negativ. 

Case I, Here | a | = a and | j9 1 = ^. 

Hence, since | a | = | ^ |, a = j(9. 

Case 2. Here | a | = a and | j(? | = ^. 

Hence a = ^. 

Case J. Here a = j9. 

Therfor a = ^. 

Case 4, Here a = ^. 

Therfor a = ^. 

In all cases, therfor, either a = )9 or a = j9. 

400. Theorem. TAe numerical value of the sum cf 
two integers is not greater than the sum of their numeri- 
cal values. 
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Case I. If a and ^ ar both positiv, | a | = a and 

Then a + /? is positiv (§ 206) and | a + /? | = a + /?. 

Therfor |a + ^| = |a| + |^|. 

Case 2, If either a or ^ is zero, its numerical value 
is zero and a + fi is equal to the other integer. 

Hence j a + /8 1 and | a | + | /9 1 ar both equal to the 
numerical value of the other integer. 

Therfor|« + ^| = |«| + |^|. 

Case J. If a and fi ar both negativ, | a | = a and 

Then a + ^ is negativ and | a + ^ | = — (a + ^). 
Moreover |a| + |^| = a + ^=— (a + j9). 
Therfor|a + /?| = |a| + I^|. 
Case 4. If a is positiv and ^ negativ | a | = a and 

1^1 = ^. 

Then a + /9 = a — 3=|a| — |^|. 

Now, if I a I > I j9 1, I a I — I )9 1 is positiv and therfor 
a + )9 is positiv. 

Hence |a + ^| = a + ^=|a|-|i9|. 

But|a|-|^|<|a| + |^|. §235. 

Therfor|a + ^|<|«| + |^|. 

If I a I = I ^ |, I a I — I ^ I is zero and therfor a + ^ is 
zero. 

Hence |a + ^| = a + /9=|a|-|^|. 

Therfor|a + ^|<[«| + |/9|. 

If I a I < I ^|, I a I — 1^ I is negativ and therfor a + fi 
is negativ. 

Hence|a + ^| = -(a + /9)=|^|-la|. 
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But|^|-I«|<|aH-|^|. 
Therfor|a + j9I<|a| + |/9|. 
Similarly we may prove that, if a is negativ and ^ 
positiv, |a + y9|<|«| + |^|. 



>l«l + l^l- 



Therfor, in all cases, | « + ^ 

That is, !« + /? 

401. Theorem. The numerical value of the sum of 
any number of integers is not greater than the sum of 
their numerical values Q), 

402. Theorem. The numerical value of the difference 
of two integers is not greater than the sum of their 
numerical values. 

For a — ^ = a + ^. 

Hence|«-^| = |« + ^|>|a| + |iJ| = |«| + |^|. 

Therfor |a-^|>|a| + 1/9 1. 

403. Theorem. The numerical value of any algebraic 
sum is not greater than the sum of the numerical values 
of its elements. 

404. Theorem. The numerical value of the product 
of two integers is the product of their numerical values. 

If a and ^ ar both positiv, | « | = a and | ^ | = ^. 
Then a^ is positiv (§ 320) and | «^ | = a/J. 
Therfor |a)9| = |a||^|. 

If either a or /9 is zero, its numerical value is zero 
and a^ is zero. 

Hence | a^ \ and | a | | )9 | ar both zero. 

Therfor I «/3 1 = |«||/3|. 

If a and j9 are both negativ, | a | = a and | j9 | = j5. 

( ' ) See Stolz und Gmeiner, p. 64. 
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Then a^ is positiv and | a^ j == a^. 

Moreover | a 1 1 ^ | = a^ = aj9. 
• Therfor|a^| = |a|||9|. 

If a is positiv and ^ negativ, [ a I = a and | ^ | == ^. 

Then a^ is negativ and | a^ | = — (a^). 

Therfor|a^| = |a||^|. 

Similarly we may prove the remaining case when a 
is negativ and ^ positiv. 

406. Theorem. T7te numerical value of the product 
of any number of integers is equal to the product of the 
numerical values of those integers, 

406. Theorem. If\a\> i and ^ 4= o, | a^ | > | ^9 | . 
For,if |«|>iand)9 + o,|«||^|>i x |^|. §332. 
Or |a^|>|^|. §404. 

407. Theorem. | aa | = aa. . 

For aa is either zero or positiv. § 320. 

408. Theorem. ^ | «i? | < n'> either a or ^ is numer- 
ically less than y. 

For, if neither a nor ^ were numerically less than 
ify we would have | a | ^ 1 7^ | and | j9 1 ^ 1 7^ |. 

Hence | «| |^|^ | r I |r I- §§33i, 349, 3SO- 

Or \a^\^yy. §§404,407. 



CHAPTER VI. 

DIVISION. 
DIVISIBILITY. FACTORS. QUOTIENT. 

409. Definition. Having given two integers a and 

j9, if P is not zero and ther is some third integer (p such 

.that a^(p^, a is said to be divisible by ^ (') ; if a is 

not zero and ther is some integer (f such that ipa = ^, 

a is said to be a divisor of ^. 

Thus, since 8 = 4x2, 8 is divisible by 2 ; since 
4 X 2 = 8, 2 is a divisor of 8. 

The reasons for excluding the cases wher ^ and a 
ar respectivly zero will appear in §§ 422, 424. 

The statement ** a is divisible by /? " we will write 
a > ^ ; the statement *' a is a divisor of ^ '* « < ^9. 

The definitions of the terms "divisible by'* and 
" divisor oV may, then, be stated in symbols : 

If a = (p^^ wher ^ is not zero, then « > ^ ; and con- 
versely, if a"^ fi, then fi is not zero and a = <p^. 

If <pa == /9, wher a is not zero, then a < ^ ; and con- 
versely, if a < /?, then a is not zero and <pa = fi. 

The statements a > j9 and a < )9 may be calld 
divisibilities. 



(*) See Dirichlet-Dedekind, p. 5. 
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410. It should be noticed that, if ^ is zero and 
a = ip^, then a is zero. Similarly, if a is zero and 
(pa = ^^ P is zero. 

Hence by the definitions of § 409 none of the state- 
ments o > o, o < o, a > o, o < a is true. 

411. Theorem. If a = f^ a?td ^ =# >f > ^^^^ ^ 4= X^> 
provided /? is not zero. 

For, since (f ^X and /? is not zero, <p^ 4= Jf/'- § 33^. 
Hence, since a = ^^, « + Z/'- § ^7 A- 

412. Definition. From the last theorem we see that 
if a = ip^^ wher ^ is not zero, ther is no integer ;f, dif- 
ferent from (py such that a = f^. 

Hence, if a and /? are given, ^ not being zero, ^ is 
determind by the equality a = ip^. 

This passiv number ^, which depends only on a and 
^ and is such that a = f>/9, we will call the right-handed 
quotient (^) of a and ^. 

This quotient we will represent by the symbol 
a : ^ (^, which is read *' a divided by /9." 

The quotient a : j9 is, then, univalent ('), when it ex- 
ists, that is, when ^ is not zero and ther is some third 
integer ^, such that a = (p^. 

The number a may be calld the first element of the 
quotient and ^ the second element. 

413. Theorem. If the right-handed quotient a : jS ex- 
ists and is the integer ip^ then a:^ = <p, 

 (1) See Schubert, " Encyklopadie,** p. 16. 

(*) See Schubert, "Encyklopadie," p. 16 ; Stolz und Gmeiner, p. 25. 
The symbol : to denote a quotient was used by A. C. Clairaut in 1760. 

(') See Stolz und Gmeiner, p. 25. 
9 
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This follows from § 170. 

414. Theorem. If a = <pp, wher ^ is not zero^ then 
a:^ = <p ; and conversely^ if a:^ = <p, then ^ is not 

zero and a = if^. 

This follows immediately from the definition of 

right-handed quotient and § 413. 

416. The symbols 0:0, « : o (^) ar both as yet 
meaningless. 

418. Definition. If the restriction in § 412 that ^ 
should not be zero had been omitted, that article 
would not hav defined the symbol a : ^. 

For, if ^ were zero, a would also be zero and a 
would equal <p^ whatever integer <p might be. 

The symbol ai^, a and ^ being both ^ero, would 
then represent any integer. It would not be de- 
fined, made definit 

A symbol like o :o, which, tho compounded of two 
definit numbers, would represent more than one num- 
ber, is calld a mnltivalent symbol Q. 

The symbol o : o would in fact represent not only 
more than one integer, but any integer. Such a 
symbol, one representing an unlimited number of 
numbers, is calld an indeterminate symbol. 

Multivalent symbols, if used at all, must be used 
with great care, as the laws which hold for univalent 
symbols do not apply to them. 

417. Theorem. If <pa = ^ and f ^X* ^^^ V- + A 
provided a is not zero. 



(1) See Schubert, "Encyklopadie," p. 17. 
(8) See Schubert, "Encyklopadie,'' p. 17. 
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418. From this theorem we see that the equality 
ipa=i ^ determins the integer ^, provided a is not zero. 
We will call the integer (p the right-handed ratio of ^ 
to «, which we will represent by the symbol ^/a, 
which may be read **/9 over a,'' 

The ratio /?/« is, then, univalent, when it exists, 
that is, when a is not zero and ther is some third in- 
teger (p, such that <pa = )9. 

419. Theorem. If the right-handed ratio ^ja exists 
and is the integer (p, then (p = /9/«. 

420. Theorem. If (pa = ^^ wher a is not zero^ then 
ip = )9/ay and conversely^ if f = ^l^> t^^'^ « ^ ^ot zero 
and (pa = ^. 

This follows immediately from the definition of 
right-handed ratio and § 419. 

421. We will now derive some theorems connecting 
the ideas represented by the symbols >, <, : , /, 
which hav been independently defined. 

422. Theorem. ^ a > /?, the right-handed quotient 
a : j9 exists^ and conversely. 

The proof of this theorem is formally the same as 
that of § 86. 

The reason is now evident why in § 409 we excluded 
the case of ^ being zero. If we had not done so, we 
should hav o > o, but the right-handed quotient o : o 
not existing. 

423. From the last theorem it follows that the 
symbol a : )9 a^ yet has no meaning, unless a > )9. 
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424. Theorem. If a ^^, the right-handed ratio ^Ja 
exists y and conversely. 

The reason is now evident why in § 409 we ex- 
cluded the case of a being zero. 

425. Theorem. If a > ^9, then jS < a and 
a/p = a:^; and conversely ^ if ^ ^^y ^^^ ^ > /? ^^ 
« : ^ = a//9. 

This is proved in the same way as § 89. 
The proof depends on the commutativ law for 
equality of integers. 

426. We may therfor, whenever we hav either of 
the statements « >• /9, ^3 <; a, replace it by the other 
and may replace either of the expressions «:/?, aj^ by 
the other. 

We will find it convenient in future seldom to use 
the symbol /, but to use in its stead : . 

The symbols > and <; will both be useful, tho we 
will employ chiefly >►. We should always bear in 
mind that the statement a > /3 may at pleasure be 
replaced by the statement j9 < a. 

427. Definition. Having given two integers a and /9, 
if )9 is not zero and ther is some third integer <p such 
that a = /9^, a is said to be a multiple of ^9; if a is not 
zero and ther is some integer <p such that a<p =s ^^ a 
is said to be a factor of ^. 

The statement " a is a multiple of /9 '* may be written 
a >> /9 ; the statement " a is a factor of /9 " « 4C )9. 
The definitions of the terms "multiple of*' and 
** factor of*' may, then, be stated in symbols : 
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If a = ^p, wher ^ is not zero, then « >- ^, and 
conversely. 

If a(p = )9, wher a is not zero, then « -< ^, and 
conversely. 

428. Theorem. If a = ^(p and f> #= X> ^^^ " 4= ?Xy 
provided /? w wt?/ zero, 

429. Definition. From this theorem we see that the 
equality a=^ ^(p determins the integer ^, provided /? 
is not zero. 

This activ number (p, which depends only on ^ and 
a and is such that a = /9^, we will call the left-handed 
quotient Q) of /? and a. For this quotient we will use 
the symbol /?••«, which may be read **/9 divided into «." 

The quotient ^^ a is, then, univalent, when it ex- 
ists, that is, when ^ is not zero and ther is a third 
integer <p, such that a = ^<p, 

430. Theorem. Jf the left-handed quotient ^ •• a ex^ 
ists and is the integer f^ then ^ ••a=: f, 

431. Theorem. If a=- ^<p, wher ^ is not zero, then 
^ •• a = ^, and conversely. 

432. Theorem. If a(p — ^ and f> 4= /> ^^^^ ^X 4= ^y 
provided ^ is not zero, 

433. Definition. From this theorem we see that 
the equality a<p ^ ^ determins the integer (p, provided 
a is not zero. We will call this integer the left-handed 
ratio of a to ^8. For this ratio we will use the symbol 
a\^ 0» which may be read *' a under ^.*' 

(') See foot-note p. 36. 

(«) This symbol seems to be dufe to A. Cayley. 
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The ratio a\^ is, then, univalent, when it exists, 
that is, when a is not zero and ther is a third integer 
f, such that af = ^. 

434. Theorem. Jf the left-handed ratio a\^ exists 
and is the integer ^, then <p = a\j9. 

436. Theorem. If a<p=i ^, wher a is not zero^ then 
if = a\^, and conversely. 

436. Theorem. If a^ ^^ the left-handed quotient 
j(? .. « exists y and conversely. 

437. Theorem. If a^^, the left-handed ratio a\^ 
exists y and conversely, 

438. Theorem. If a > /9, then a > ^ and 
^ •* a = a:^ ; and conversely, if a'^ ^, then « >► ^ 
and a :)9 = j(9 ..a. 

The proof of this theorem depends on the commu- 
tativ law for multiplication. 

439. Theorem. If « < ^, then a < ^ and 
a\^ = j8/a / and conversely, if ol ^ ^, then a <; ^ 
and ^ja = a\/9. 

The proof of this theorem also depends on the 
commutativ law for multiplication. 

440. Definition. In virtue of the last two theorems 
we will in future never use the symbols >- and -<i, 
but will use in their stead >► and < respectivly. 
Similarly instead of )9 •• « and /3\a it is customary to 
use a : /? and a//9. 

In virtue of §§ 425, 438, 439 we will in future in- 
stead of the four terms " right-handed quotient," 
*' right-handed ratio,'' "left-handed quotient," and 
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" left-handed ratio " use the single term " quotient/' 
Besides the symbols already mentiond for the quo- 
tient of a and j9 the symbols a-^ ^ and -^ ar in com- 
mon use Q). 

441. Definition. The symbols > and <t may be 
used to mean "is not divisible by*' and **is not a 
divisor of" respectivly. 

442. Theorem. Every integer except zero is divisible 
by itself y the quotient being unity. 

In symbols a'^ a and a : « = i, if a =j= o. 
Prove from §§ 316, 409, 414. 

443. Theorem. Every integer is divisible by unity ^ the 
quotient being the integer itself. 

In symbols a >► i and a : i = a. 

444. Theorem. Zero is divisiile by every integer ex- 
cept itself y the quotient being zero. 

In symbols o > « and o : a = o, if a =}= o. 

446. Theorem. If a^ ^ and a : j9 = o, then a = o. 

For, if a > /5 and a:/9 = o, a = 0-^=0. 

446. Theorem. It follows from the last two theorems 
that the quotient of two integers is zero when^ and only 
when, its first element is zero, 

447. Theorem. If a = ^^ then a > ^ and a : ^ = i, 
provided fi ^ O. 

(' ) The symbol — for a quotient is found in the ** Liber Abaci '* of 
Leonardo of Pisa. This symbol in both the forms -3, ajp is probably 

due to the Hindoos. The symbol -f- was probably originally formd 
as a combination of — and : . 
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For, if a = ^, a= I '^, Hence a > /9 and a : /? = i. 

448. Theorem. Every even integer is divisible by two. 
For, if ^ is any even integer, ^ = 2a. § 377. 

449. Theorem. No odd integer is divisible by an 
even integer. 

For, if a >/?,«= ^^. 

Hence, if a is odd, ip and ^ must both be odd. 

§ 360- 

450. Theorem. If an even integer is divisible by an 

odd integer y the quotient is even. 

For, if a > /3, a = ^/3 and a\ ^r=^ip. 
Hence, if a is even, either ip ox ^ must be even. 

§360. 

461. Theorem. If an odd integer is divisible by an 
odd integer y the quotient is odd, 

462. The quotient of two integers may be connected 
with other integers by signs for sum, difference, product, 
and quotient, provided that the first element of every 
quotient is divisible by the second element. Thus we 
may hav expressions like 

((« : ^) X r) : (5 : «) 
or ((«_^):;-)x(5 + e) + (C:('?-<? + ^)). 

Every such expression is univalent, since every 
sum, difference, product, and quotient in the expres- 
sion is univalent. 

Generally in complex expressions involving quo- 
tients with sums or differences, or both, parentheses 
ar omitted from around quotients. They should 
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never be omitted from around sums or differences, 
when such omission would cause misunderstanding. 
Thus a : ^ + y : 8 is understood to mean 
(a:P) + {r: 8) and not («:(/? + r)): ^. 

463. Theorem, a x ^ > j9 and (a x fi): ^ = a, pro- 
vided ^ is not zero. 

For ax ^=^ ax ^. 

Therfor a x )9 > i? and (a x jS) : ^5 = a. 

464. Theorem. A product is divisible by each of its 
factors^ provided that factor is not zero, 

466. Theorem. If ol^ ^, then (a: ^) x )3 = a. 
This is proved in the same way as § 1 10. 

466. Theorem. ^ a > /3, then ax r > i^ x y and 
{a X f) : (^ X f) =" ^ ' ^* p^(yMed y is not zero ; and 
conversely, if aX7->^X7-, then a > ^ and 
a:^=(ax r):(/5x y). 

For the direct theorem, since a > ^, 

a= <p^ and a: ^ = <p. 

Hence ay = (f^) r = f (/?r) and (ay) : (^y) = (p, 
Therfor ay > fiy and (07) : (^f) = a : ^. 

For the converse theorem, since aj- > ^, 

«r = f (/5r) = W)r and (ar) : (M = i^- 
Hence a = f^ and a: ^= f, 

Therfor «>/? and a: ^ =(af) :{^y), 

467. Theorem. If a':^ ^, then yx a'^y x ^ and 
(7- X a) : (;• X /3) = « : /?, provided y is not zero ; and 
conversely y if y X a^y x ^^ then a > ^ and 
a:^^{yx a)i{yx ^). 
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458. Theorem. If a = ^ and /? > 7-, then « > 7- and 
a\y = ^ \y ; and conversely ^ if a > 7*, ^'^T* ^^^ 
a : Y = ^ : Y, then a = /9. 

For the direct theorem, 
since /9 > 7*, ^ = ^T*. and ^ \y^ip. 

Hence, since a = ^9, a^=i (py and a : 7^ = y>, 

Therfor a > 7^ and a : 7- = ^ : 7^. 

For the converse theorem, let a : 7- = y. 

Then /5 : 7* = y?. 

Hence a = ^7- and ^9 = ipy. 

Therfor a = ^, 

469. Theorem. If ol^ ^ and ^==y, then a^y and 
a\ ^r=i a\y ; and conversely^ if « > ^, a^ y, and 
a : ^ =: a : y, then ^ =y, provided a is not zero. 

For the direct theorem, 
since « >^ A a^ <p^ and a : ^ = f. 

Since fi =^y, f^ = (py. 

Hence ^^ fT ^^^ oLiy = f. 

Therfor ^"^y and a : ^ = a :y. 

For the converse theorem, let a : ^ = j). 

Then a : y = <p. 

Hence a= ^^ and a = ^y. 

Hence <p^ = (py. 

Moreover, since a is not zero, a : /5, or <py is not zero. 

Therfor /? = 7^. 

460. Theorem. If a^ ^ and ^>y, then a^y and 

a:r=(«:^)x09:r)C). 

Since « > j9, a^ ip^ and a \ ^^^f, 

{}) See Tannery, p. 98 ; Dirichlet-Dedekind, p. 5. 
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Since ^>ry ^ = Xr and ^ : r = ;f. 

Hence (p^ = ^(^r). 

Hence a = {<PX)t ^^^ a lys^ yjr. 

Therfor « > r and a :y = {a : fi)x (P :t)* 

461. Theorem. ^ we hav a series of divisibilities of 

the same kind, ^o.'^^'^T^^^^^'"* ^^y i^t^g^ 
in the series is divisible by any following integer. 

The proof of this theorem is identical in form with 
that of § 196. 

462. Theorem. If we hav a series of equalities or 
divisibilities of the form a^^^yW^W^^-'-f ^^y 
integer in the series is divisible by any following 
integer, 

483. Theorem. If «>^ and ^>7', then 
(i\y ^ ^\y and (a : 7^) : (/? : 7^) = a : ^ / and conversely y 

if o.>r* ^>r> ^^^ « : r > Z' • r» ^^^^ « > /S and 

For the direct theorem, since a >► ^ >- r> 
a > 7- and a:y = {a:^ X {^ if)- 

Therfor aiy^ fi ly and (a :y): (fi ly) = a : fi. 

For the converse theorem, 
since « > r> « = f r ^^d aiy =: f. 

Since /5 > r, ^ = ZT and /9 : 7- = /. 

Since a : r > Z' ^ r> i^ > Z- 

Hence fT > ^fT- 

Or a > ^. 

Therfor, by the direct theorem, since « > ^ > J*, 

a:/3=(a:r):(^:r)- 
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464. Theorem. If a > /9 and ^>r> ^^^ 
a:y^ a:^ and (a : 7-) : (a : ^) = ^ : y', provided a is not 
zero ; and conversely^ if ^^t, « > i^, and a\y^ a\^y 

then /? > 7- and ^3 : r = (^ • T) • (^ • i^)« 

465. Theorem. If a^ ^ and r = ^, then ay > /95 
and {ay) : (/95) = « : /9, provided y is not zero ; and con- 
versely y if wf^ ^8 and y = S^ then a > j9 and 
a:^ = {ar) : (^5). 

For the direct theorem, 
since a > /?, ay ^ ^y and {ay) : {j^y) = a:^. 
Since y=d, ^y == ^8. 

Thcrfor ar>^S and («?-) : (M = («r) ^ (i^^)- 

Also {or) : (/?/) = a : i9. 

For the converse theorem, 
since y= 8, ^y = 1^8, 

Hence, 
since ay > ^8, ay > ^y and {ay) : (/9r) = («r) : (/?*)• 

Therfor a > /9 and a : /9 = (c^) : (/J^). 

Also a : /5 = {ay} : (/55). 

466. Theorem. If a^ ^ and y'>8, then ary^^S 
and {ay) : {j38) = {a:^)x{y: 8), 

l{y = 0^ ay=:0 and ay > ^8, 

Also y : 8 = o and {ay) : {^8) = o. 

Therfor {ay) : {^8) = {a : }) x {y : 8). 

Ifyz^o, since a^ ^,ay^ ^y and {ay):{^y) = a : ^. 

Since r > *, /?r > i?^ and {^y):{P8) = y : 8. 

Therfor ay > j38 

and(«r):W= [(«r):(^r)] x [(A'):(i5*)] 

= («:i9)x (r:*). §§460,331. 
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467. Theorem. If a>j9, then <r(^^ and 

(«r) : i^ = (« : i?) X r- 

This follows immediately from § 466 by supposing 
5= I. 

468. Theorem. If a > j9, then r^> ^ and 
{yd) :^=rx^ («:^). 

469. Theorem. If a = )9, r = ^> ^^ P > T* ^^^ 
«>r> P'^^f ^^^ ai-jf^^iS; and conversely^ if 
a>r> ^>^» ^'r = ^'^> ^^ r = ^. ^^^ « = i^; if 

« > r> ^>^> a : r = i^ : ^, ^^ « = A ^^^^ r = ^> 

provided ^ is not zero. 

For the direct theorem, 
since a=s ^^f^ oL^y and a : /^ = /9 

Since ^3 > r =^, i? > <J and ^:r = P 
Therfor a : 7- = ^ 

For the first converse theorem, 
since ^>5 = 7-, ^:8^ ^-.y. 

Hence, since a : j- = ^ : 8^ a : y ^ ^ : y. 
Therfor a = /9. 

Similarly the remaining theorem may be proved. 

470. Theorem. If a':^^ ^, y = 8, and ^>r* ^^^ 
a>rJ>S,a:r>l3:8,and{a:r):{^:8) = a:^; 
and conversely y if o-'^y^^^ 8^a\y^ ^ \8^ and y=^d^ 
then « > ^. 

For the direct theorem, 
since «>j9>r, «>r, ^'^r>? 

and (« • r) • (Z' • r) = ^ 

Since i?>r = *, ^>^, and/9:r = i3 
Therfor a : r > i^ 






§463 
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and («:r):(^:r) = («:r) :(^:^). §459- 

Also {a:r):(^:S) = a:^. 

For the converse theorem, 
since ^y^d = ry ^18^=.^:^. 

Hence, since a ly'^ ^ :d, ol :t> ^ 'T- 
Therfor a:^^. 

471. Theorem. If a = j9, r > ^> ^^ Z' > r» ^^^^ 

a> r» ^ > S, oLir < ^ : 8, and (^ : 8) : {a :r) =.r '^ Sf 
provided ^ is not zero ; and conversely, ^ « >► /*, /? >► <J, 

« : 7"^ i^ • ^> ^^^ « = A ^^^^ lf^8y provided ^ is not 
zero. 

For the direct theorem, 
since a = ^ > ;-, a > ;-, and a ly^ ^ \y. 
Since i9>r>^, ^>5, ^:8>^:r, 

and (^ : ^) : (i? : r) = r : <J- 

Therfor a:r<^ :8 

and {^'8):(a:r) = {P:8):{^: 7-). 

Also 09 : 5) : (a : 7-) = 7- : 5. 

For the converse theorem, 
since j9 = «>7-, fi ij-^ a ly. 

Hence, since a : f < ^ : 8, ^ i y ^ ^ i 8. 

Therfor r > ^• 

472. Theorem. ^ «>A r>^, ^«^ 
^ > r, /A^» a > ^, ^'.8-:^^ ^ \r, and 

{a:8):{p:r) = {a:^)x{r:8). 

Since ^>r>^, ^>*, ^:8>fi:r, and 

(^:^):(i9:r) = r:*. 

Since «>i9>*, a>5, a:5>j9:5 and 

(a:5J :(fi:8) = a :^. 
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Therfor a : d"^ ^ ly and 

{a:8):(^:r)^[{a:3):{fi:d)] x [(/? : 5) : 0? : r)] 

= (a:iJ)x(r:^). 

473. Theorem. ^ a > ^, r > ^, ^^<^ -a : ^ = 7- : 5, 
/A^^ a5 = ^T' / and conversely, if a^ ^ and ad = ^y, 
then ;- > 5 and a : ^ = 7* : 5, provided 8 is not zero. 

For the direct theorem, 
since a > ^, a(J > ^8 and (a5) : (/55) = a : j9. 

Since r>^>^r>^^ and (^r) : (i?*) = r ^ ^• 
Hence, since a : /9 = 7- : 5, (a5) : (^5) = (Pr) - O^^)- 
Therfor a8 = jS/'. 

For the converse theorem, since « > )9, 

«5 > ^8 and («5) : (^8) = a.: ^9. 
Hence, since a5 = ^y, 

Pr > ^5 and (^r) : (/?^) = («^) : W- 
Hence r > * and 7- : 5 = (^7-) : {^8). 

Therfor a : ^ = y : 8. 

474. Theorem. If a^ p,r> ^^ ^^ « : jS > r • ^> 
/A^« a8 > ^97- ^;^rf (a^) : (^7-) = (a : j9) : (7- : 5) ; and 
conversely y if y^ 8 and ad > ^y, then a > ^ ^«<3? 

For the direct theorem, 
since a > ^, ad>p8 and (a5) : (^3) = a : j9. 
Since 7- > (J, py>p8 and (^7-) : (/95) = y:8. 
Hence, since a : )S > 7- : (J, (a5) : (/55) > {j^y) : (^8) 

and [{a8) : (^5)] : [(^r) : m] =(«:/?): (r : ^). § 469. 
Therfor a8 > ^7- and {a8) : (fiy) = (a : ^) : (7- : 8). 

For the converse theorem, 

since y>8, Py>p8 and (/3r) : (^5) = r ^ ^- 
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Hence, since a8 > ^y^ 

ad > /?(? and (ad) : (^8) > (^y) : (fi^). 

Therfor a > ^ and a : j8 = (a8) : {^8). 

Therfor a:^^ri8. 

476. By comparing §§409-474 with §§75-128, 
the analogy may be seen that exists between the 
theory of products and quotients on the one hand and 
that of sums and differences on the other. Also 
certain points of divergence between the two theories 
will appear. 

476. Theorem, ^a > /5, and a : jS > t', then a > ^9^ 
and a : {^y) = (a : j3) i-jr. 

This follows from § 474 by supposing <J = i. 

477. Theorem. If a > ^ andy > a : jS, then 7-j9> a 
and {x^) : a = y :(^a : ^), 

478. Theorem. Ifa^y and i? > r, then a + jS > 7- 

and (« + /?): r = (^ • r) + (i^ • r) ^* ^^ conversely y 
if a^Y and « + /?>;', then fi'>T and 

(« + i3):r = («:r) + (^:r). 

For the direct theorem, 
since o.y>y^ a = (py and a iy=zip. 
Since ^9 > r, /? = ^fT and ^ : j- = ;f. 

Hence « + ^ = ^r + zr = (f + z)r- 

Therfor a + ^ >r and {a + ^) ly^V + X- 
Or (« + ^):r = («:r) + (^:r). 

For the converse theorem, 
since « > r» a = <py. 

Since a + /? > r, « + i? = S^r- 
Hence (« + /?) — «= S^r "* fr ^ (^ "" f V' 
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Or ^ = {<P-'<p)r' 

Therfor i^ > T ^tnd by the direct theorem 

(a + /9):r=(«:r) + (/?:r). 
This theorem is the Distribntiv Law for Division and 

Addition. 

479. Theorem. If d^y and /? > r, then a — ^ > ^^ 

and (« — /5) : r = (^^ • r) "" (Z' • r) / ^^ conversely, 
if a > ;- and a^ ^^y, then ^^T ^^^ 

(«-/?): r =(«: r) -(/?: r)/ if^ >randa - ^ > r, 
tken a > T' and (« — jS) : ;- = (« : 7-) — (/? : ;-). 

480. Theorem. If a > r, P>h ^^ ^ 
and fi ar any two integers y then ^« + /i/? > ^ and 

481. Theorem. If a::^y, ^>h ^^d ^ 
and fi ar any two integers , then Xa^ fi^'^f and 

(^«-/^i?):r=^(«:r)-K/?:r). 

482. Theorem. If ay^ ^ and r>^f then 

ad + ^r>^S and{ad + ^r) : (/?^)= (« :/?) + (r : ^). 
Since a > ^, «(? > ^5 and {aS) : (^8) = «:/?. 

Since r>^,^>^^ and (fir) : (J?*) = r : *• 

Therfor ad + jSr > ^^ 
and {ad + ^r) : (/3^) = H) : (^*) + (/?r) : W- 
Also (ad + ^r) : (/5d) = (a : ^3) + (7- : d). 

483. Theorem. If a>/? ^«rf r>^y then 
ad-l3r> ^8 and {ad - ^f) - i^^) = (« : i^) - (r : *)• 

484. Theorem. If a^ ^ and a and ^ ar both positiv 
or both negatiVy then a\ ^ is positiv ; if either a or ^ is 



(1) See Legendre, p. 3 ; Chrystal, p. 39. 
10 
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positiv and the other negative then a \^ is negativ ; 
and conversely y if the quotient a : ^9 is positiv, a and ^ ar 
either both positiv or both negativ ; if ai ^ is negativ y 
either a or ^ is positiv and the other negativ. 

Suppose « >- ^ and that a and /5 ar both positiv. 

Then a^=i (p^ and a \ ^ == (p. 

Now <p is either positiv, zero, or negativ. 

But <p cannot be zero, since then y>^, and hence a, 
would be zero. 

Similarly ip cannot be negativ. 

Therfor f is positiv. 

The other parts of the direct theorem ar proved in 
a similar manner. 

The converse theorem is proved by the method of 
exhaustion. 

486. Theorem. If a > ^, then ^ a > ^ and 
(-«) :i3=-(a:/5). 

Since a"^ ^, a= <p^ and a \ ^ r= <p. 

Hence — a = — (^/5) = (— f )/9. 

Therfor — a > ^ and (— a) : j8 = — ^ = — (a : ^). 

486. Since the expressions (— «) : /9 and — (a : ^) ar 
equal, the parentheses may be omitted and both be 
written — a : j9. 

487. Theorem. If a > j9, then a > — j8 and 
a:(-/9)=-(a:^). 

488. Theorem. If a-:^ ^, then ^ a^ -^ ^ and 
(-a):(-^) = «:^. 

489. Theorem, a > — i and a : (— i) = — a. 
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490. From the theorems of §§ 170, 485, 487, 488 
we derive the following equalities : 

(+ a) : (+ ^) = + « : /5, 

(-«):(+^)=-«:A 

(+«):(-^)=-«:^> 

(—«):(— ^) =+ a : /5, provided a > ^. 

These equalities constitute the Eule of Signs for 
Division, which is usually briefly stated : In division 
like signs giv +, unlike signs — . 

In particular we hav (— a) : b =^a : (— ^) = — (^ : b) 
and (— a) : (— b) = a : by provided a^ b, 

491. Theorem. If a > /? and y is posiHv, then 
a :y';> ^ If, provided a and ^ ar both divisible by y. 

Since a^y^ a z= ^^ and a :y = <p. 

Since ^ > r, ^ = Zr and /5 : ;- = ;f. 

Since a> ^,<py> XT- 

Therfor, since y is positiv, ^ > /. § 345. 

Or a :y> ^ :y. 

492. Theorem. If a> ^ and y is negativ, then 
a : y <. ^ : y, provided a and ^ ar both divisible by y. 

493. Theorem. If a^ ^, and ^ and y ar positiv, 
then y : 0L<.y : ^, provided y is divisible by both a and ^, 

Since T' > «, y =^ ipa and y : a^=i (p. 

Since r > A T^'X^ and yi^^X- 

Hence ^a = ;f/5. ( i ) 

Since j9 is positiv, a is positiv. § 201. 

Since ^ and y ar positiv, x is positiv. 

Hence, from (i), since a > jS and a and x ar positiv, 

<X' §353. 
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Therfor 7* : « < 7* : ^. 

494. Theorem. If a> ^ and y — b; then^ if T ^ 
positiVy a :y> ^ : 8 ; ifyis negativy a : y <z ^ : 8, 

This follows from §§ 491, 459, 492. 

496. Theorem. Jf a = ^, T> ^* ^^ ^ ^^^ ^ ^^ 
positivy then a : y <c ^ : d. 

496. Tteoremu If a > ^3, | a | > | ^ | and 
|a|:|^| = |«:^|. 

Since a >► ^, a = y>)9 and a : j8 = y>. 

Hence|a| = |^i9| = |^||/5|. 

Therfor |a| > 1^1 and |a I :|/9| = |^|=^|a:^|. 

497. Theorem. Jf an integer is not zerOy each of its 
factorSy except the integer itself and its opposity is 
numerically less than the integer. 

Let « > i?, wher a =^ o and | a | 4= | ^ | . 

Then a = y>/9 and | a | = | y)/9 1 = | y) | | ^ | . 

Now either | ^ [ = o, | f | = i, or | ^ | > i. 

If I ^ I = O, f = O and a = ^/5 = o. § 398. 

But a 4= o. Hence | ^ | 4= o. 

Ifl^|=l,|a| = |^|._ 

Hence in this case ^ is either a or its opposit. § 399. 

Ther remains only the case when | f | > i. 

In this case | f jS | > | jS | . § 406. 

Thatis, |«|>|/?|, or|^|<|«|. 

Hence the theorem is proved. 

498. Theorem. No integer except zero is divisible by 
an integer numerically greater than itself, 

499. For example, the symbols ( — 3:9) 
(— 4) : (— 8), 5 : (— 7) ar, as yet, meaningless. 
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600. Theorem. Unity has no positiv factor except 
unity. 

601. Theorem. If v^a^ and i < | a | < | v |, then 

i<l/5|<IH- 

For, since 1 1' | > i, | v | > o. (i) 

Now|v| = |«/3| = |«| |^|. (2) 

If I )9 1 = o, I v| = o, which contradicts (i). 

If|/9| = i,|v| = |«|, which contradicts the hypoth- 
esis. 

If I ^ I = I V |, I V I = I a I I V I and hence | « | = i, 
which contradicts the hypothesis. 

If I ^ I > I V |, then, since |a^|>[^| (§406). 

I a^ I > I V |, which contradicts (2). 

Therfor i< |^ | < | v |. 

602. Theorem, ^a > /? and /9 > a, | a | = | /9 1. 
By the hypothesis neither a nor ^ is zero. 
Hence, since a > )9, | a | ^ | j9 1. § 497. 
Also, since ^9 > a, j a j ^ | /5 1. 

Therfor I«|=|i3|. 

603. Theorem. If a and ^ ar any two integers^ ex- 
cept tJiat /9 may not be zero, an infinit number of pairs 
of integers X, fi can be found such that ^/9 < a < /i^. 

Consider the multiples of ^ 

•••.(- 1% (- 2)i9, (- I)A O^, lA 2^, 3^. • • • ^ 

These multiples increase from left to right, if j9 is 
positiv, and from right to left, if ^ is negativ. Among 
them ar found the products a^ and (— a)^. 

Ther ar three cases to be considerd. 

Case /. a = o. Then — | ^ | < a < | ^ |. 
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This givs, if /3 is positiv, (— l)i9<a<lX^; 
if ^ is negativ, i x /? < « < (— i)^. 

Case 2, 1^1=1. Since a— i <«<«+ i, 

we hav (a — i) | i^ | < « < (« + I i^ I- 

This givs, if /? is positiv, (a — i)j9 < a < (a + i)^ ; 
if ^ is negativ, (- (a - i))^ <«<(_(«+ i))^. 

Case J, a 4= o and | )9 1 > i. Here 

o<|«|<|«||^|C). 

This case may be divided into four subcases. 

1°. a positiv, /9 positiv. The above result becomes 
o<a<«j8oro-^<a<a/?. 

2°. a positiv, /9 negativ. Here o • /9 < a < (— a)j9. 

3°. a negativ, /9 positiv. Here o < — a < (— a)/9, 
which givs o > a > a/3, or «/9 < a < o • j9. 

4°. a negativ, /9 negativ. Here 

In each case, then, we hav found two multiples of 
/? between which a lies. The coefficients of these 
multiples ar a pair of numbers ^, //, such that 

Again, if j9 is positiv and k is any integer less than 
X and V any integer greater than //, k^ < ^)9 and 
/i/3 < v^. Hence «^ < a < v/9. 

Similarly, if ^8 is negativ. 

Therfor an infinit number of such pairs of integers 
can be found. §§ 282, 137. 

(1) See Stolz und Gmeiner, p. 25. 
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604. When « and j9 ar positiv, jjl is positiv. The 
preceding theorem then givs as a particular result the 
following : 

Theorem. If a and b ar two primary numbers and 
a'> by a primary number n can be found such that, 
nb'> a. 

This theorem is sometimes calld the Axiom of Archi- 
medes Q), 

605. The theorem of § 503 furnishes us a means for 
determining whether a > )9 and, if a > /?, for finding 
the quotient a : /?. 

If a is a multiple of /?, it must be one of the mul- 
tiples that lie between two particular multiples X^ and 
fx^y which ar easily found. We hav then to consider 
only the limited number of multiples that lie between 
^/J and fx^. If one of these is equal to a, a >• j8 and 
a : /9 is the coefficient of that multiple. If none of 
these is equal to a, a 3f ^' 

Thus, to find whether 7 is divisible by 2, we need 
consider only the products that lie between 0x2 and 
7x2. We have 1x2 = 2, 2x2 = 4, 3x2=6, 
4x2 = 8. Now, if « > 4, ;« X 2 > 4 X 2. Hence 
all higher products ar greater than 8, and therfor 
greater than 7. 

Since, then, ther is no multiple of 2 which equals 7, 
7>2. 



(»)SeeD. Hilbert, "Grundlagen der Geometric,'' 1899, English 
translation, " The Foundations of Geometry," 1 902, by E. J. Town- 
send, p. 25. 
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The symbol 7:2 is, then, at present meaningless. 
Similarly the symbols 7 : (— 5), 4 : 3, (— - S) : ( — 4) ar 
meaningless. 

506. Definition. Division. The process described 
in § 505 for finding whether a is divisible by ^, and, if 
divisible, for finding the quotient, is calld division. 

Thus the quotient a : ^, when it exists, is obtaind 
from a and ^ by an operation, the operation of divid- 
ing a by )9. In this operation a is the operand, the 
passiv element, or dividend, and ^ the operator, the 
activ element, or divisor. 

When a and j9 ar the primary numbers a and ^, 
their quotient a : ^, when it exists, may be obtaind 
by dividing a group of a objects into b groups, the 
numbers of objects in the latter groups being the 
same, a : b. 

Or we may divide a group of a objects into groups 
of b each, the number of these groups being a : b (^). 

These results follow directly from § 455. 

607. By § 490 the quotient of a positiv and a neg- 
ativ integer, or of a negativ and a positiv integer, or 
of two negativ integers, may be found when the quo- 
tient of the corresponding positiv integers is known, if 
the latter quotient exists. 

608. Division Table. In order to make a table of 
the existing quotients of all possible pairs of the num- 
bers I, 2, 3, • .., to, we divide a square into compart- 
ments as in § 74 and write the numbers i, 2, 3, . . . , K) 

(*) See Tannery, p. 17. 
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along the top and left-hand sides of the square as in 
that article. 

In each compartment we wish to place the number 
which is the quotient of the two numbers found re- 
spectivly at the left of the row and at the top of the 
column in which the compartment lies, if this quotient 
exists. 

Thus in the eighth row of compartments we should 
write the numbers that represent the quotients 8:1, 
8 : 2, 8 : 3, 8 : 4, . . . 

To find these quotients we may use the multiplica- 
tion table to advantage. We notice that in the com- 
partments of that table the 8*s lie in the first, second, 
fourth, and eighth columns. The 8 of the first col- 
umn is in the eighth row ; hence 8:1 = 8. The 8 
of the second column is in the fourth row; hence 
8:2=4. Ther is no 8 in the third column ; hence 
ther is no quotient 8:3. The 8 of the fourth column 
is in the second row ; hence 8:4=2. And so on. 

Hence the eighth row of our new table will contain 
the numbers 8, 4, 2, i in the first, second, fourth, and 
eighth columns, and none in the others. 

In a similar manner we may form the rest of the 
table, given on the next page. 

609. Theorem. The operation of division is inverse 
to multiplication (^). 

This follows immediately from § 453. 



(i)See Schubert, "Encyklopadie," p. 16. 
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610. Theorem. Multiplication is inverse to division, 

611. Definition. The operation of multiplication, 
which was defined (§ 297) as a repeated performance 
of the direct operation addition is also calld a direct, 
or synthetic, operation. 

On the other hand, in division, having given two 
integers, of which the second is a factor of the first, 
the object is to find a third integer which multiplied 
by the second makes the first. Every question in 
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division is, then, tumd into a question of multiplica- 
tion. For this reason division is calld an indirect, or 
analytic, operation. 

For reasons the same as above given a x ^ and 
a : )9 ar calld respectivly synthetic and anal3rtic combi- 
nations of the integers a and ^. 

The opposition in nature between multiplication and 
division may be shown by the equality y = a^. 

If a and fi ar given to find y, we get the result by 
multiplication. 

If y and ^ ar given to find «, or y and a given to 
find j9, we get the result by division, the operations in 
these two cases being of the same nature because of 
the commutativ law for multiplication. 

To distinguish multiplication and division on the 
one hand from addition and subtraction on the other, 
the former ar calld the operations of the second 
step (*), or second degree, the latter the operations of 
the first step, or first degree. 

The operation of multiplication is always possi- 
ble. The operation of division is possible only when 
the passiv number is a multiple of the activ number. 

612. Theorem. W/ten the operation of division shows 
that a'J^ ^, a pair of integers ip^ ^ can be founds and 
only one pair, such that (pfi is the greatest of all the 
mtdtiples of ^ which ar less (^ than «, yfi tlte least of 

(') See Schubert, "Encyklopadie," p. 14 ; Stolz und Gmeiner, p. 9. 
(«) See Chrystal, p. 42. 
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all the multiples of ^ which ar greater than a, and 
•^•^ (p=s zt: I (^), according as ^ is positiv or negativ. 

We hav ^^ < a < //^. ^ § 503. 

Of course all those multiples of /9 which ar less than 
i/? ar also less than a and those greater than fi^ ar 
greater than «. 

Now of all the multiples which ar less than a, from 
X^ up, pick out the greatest and let its coefficient be 
(p. Then f^ is the greatest of all the multiples of ^ 
that ar less than a. 

Also, of all the multiples which ar greater than a, 
from [x^ down, pick out the smallest and let its co- 
efficient be jr. Then ;f^ is the smallest of all the 
multiples of ^ that ar greater than a. 

We hav, then, f /9 < a < x^y and hence f^ < ;fj9. 

Now ip^ and ^^ ar consecutiv multiples of ^. 

For, suppose ther existed an intermediate multiple, 
i^/J, so that <p^<^^< x^' 

Then either jJ/9 < a or ^j9 > a. 

If (p^ < a, then <p^ would not be the greatest of all 
the multiples of ^ which ar less than a. 

If ^^ > a, then xfi would not be the smallest of all 
the multiples of ^ which are greater than a. 

Hence ther is no multiple of ^ between f^ and x^ 
and these two multiples ar consecutiv. 

Therfor, if /9 is positiv, jf = ^ + i and jr — ^ =s i ; 
if ^ is negativ, jf = ^ — i and x — f = — i. 

Only one such pair of integers can be found, since 

(*) See Stolz und Gmeiner, p. 24. 
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ther is only one greatest, and one least, among a set 
of integers, no two of which ar equal. 

513. Definition. Besides the process previously calld 
division (§ 506), the process for finding the integers ip 
and ;f, when a >- ^, as described in the last article, is 
also calld division; a is the dividend, ^ the divisor, 
<p the lower quotient, 1 the upper quotient. 

To distinguish division in the sense of § 506 from 
division in the present sense, the former may be calld 
exact division and the latter approximate division ('). 
In exact division the dividend is said to be exactly 
divisible by the divisor. 

614. Definition. When a is divided by ^ giving a 
quotient ^, either exact quotient, lower approximate 
quotient, or upper approximate quotient, the difference 
a — ^)9 is calld the remainder (^). 

616. Tbeorem. When a is divided by ^ giving a 
quotient ip^ either exacts lower approximate^ or upper ap- 
proximate, if p is the corresponding remainder, then 
a=^f^ + p. 

616. Theorem. In exact division the remainder is 
zero ; in approximate division the remainder correspond- 
ing to the lower quotient is positiv, the remainder corre- 
sponding to the upper quotient is negativ. 

For in the first case a = y/?, in the second a > <p^, 
in the third a < (f^, 

617. When in approximate division the words 

(1) See Stolz and Gmeiner, p. 25. 

(') See Chrystal, p. 42 ; Tannery, p. 80 ; Stolz und Gmeiner, p. 25. 
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"quotient" and "remainder** ar used without quali 
fication, the lower quotient and positiv remainder ar 
usually meant. 

518. Theorem. When a is approximately divided by 
^, the sum of the numerical values of the positiv and 
negativ remainders is equal to the numerical value of ^, 

Let p and a be the positiv and negativ remainders 
respectivly. 

Then |/>| + |<t| = /> + ^=/) — <t. 

But a = <p^ -{- p and a = j[P + (t. 

Hence f^ + P = XP + ^' 

Therfor P - <^ = xP - <P^ = (X^ 9W 

= ± I • j9, according as fi is positiv or jiegativ, 

= ±^. 

Hence |/> | + k| = li^l- 

619. Theorem. When a is approximately divided by 
j9, both remainders ar numerically less than ^. 

This follows from §§ 518, 264, 234. 

620. Theorem, jf, when two integers ar approxi 
mately divided by the same integer^ the positiv remain- 
ders ar equals then the negativ remainders ar also equal ^ 
and conversely, 

621. Theorem. If a= f^ + p^ wher )9 4= o and 

I jO I < I /9 1 / then^ if p is zero^ <p is the exact quotient of 
a divided by ^ ; if p is positiv^ f is the lower approxi 
mate quotient; andy if p is negativ^ <p is the upper ap- 
proximate quotient; in ea^h case p is the corresponding 
remainder. 
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First, if /t> = o, a = fP-{-p = f^. 

Therfor ^ = a : ^. 

Second, suppose p is positiv. 

Then <p^ < a. 

Moreover ^^ is the greatest of all the multiples of 
^ which ar less than a. 

For (^± ^W'>9^9 the upper or the lower sign 
being used according as ^ is positiv or negativ. 

§§ 332> 336. 

Also, since zfc ^ > /t>, f ^ zfc )9 > f j9 + jO. 

Or (^dbi)^>a. 

Hence the next higher multiple of ^ after ffi is 
greater than a, 

Therfor f^ is the greatest of all the multiples of )9 
which ar less than a, and f is the lower approximate 
quotient of a divided by j8. 

Similarly, if /> is negativ, it may be shown that tp 
is the upper approximate quotient. 

In each case we have a— f^ = p and therfor p is 
the corresponding remainder. 

622. Theorem. If a and /9 ar any two integers ^ except 
that ^ may not be zero ; then a can be written in the 
form f^ + /o, wher | /> |<| j9 1, in one, and only one^ way^ 
when a is exactly divisible by ^ ; and in two ways^ and 
no morCy when a is not exactly divisible by ^, one with p 
positiv and one with p negativ. 

It follows from § 515 that one such way exists 
when a is exactly divisible by /?, (p being the quotient 
a : j9 and p being zero, and two ways when a is not 
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exactly divisible by fi, in one way <p being the lower 
quotient and p the corresponding positiv remainder, 
in the other f being the upper quotient and p the cor- 
responding negativ remainder. 

To prove that no other such form of expressing a 
can be obtaind when a is exactly divisible by ^, 
suppose <p^ + p IS any such form. 

We hav also a = f^. 

Hence <p^ + p ^= <p^, 

Therfor ^ = y)^ - ^^ = (f - (p)^. 

Hence ^ > )9. But | /> | < | ^9 |. Therfor p = o. 

§ 498. 
Hence ^ is the exact quotient of a divided by /?. 

§521. 

This form is, then, the same as the other. 

Next suppose a is not exactly divisible by ^ and 
let <p^ + p he any form of expressing a. 

Then p ^ o. For, if ^ = o, a would be exactly 
divisible by fi. 

Hence p is either positiv or negativ. 

If p is positiv, f is the lower approximate quotient 
and p the corresponding remainder. § 521. 

If p is negativ, f is the upper approximate quotient 
and p the corresponding remainder. 

Our theorem is, then, proved. 

523. Theorem. If a is exprest in the form <p^ + p, 
wher I i^ I < I /5 1, ^^^^ a is or is not exactly divisible by 
)9, according as p is or is not zero, 

624. Theorem. If a be approximately divided by ^^ 
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giving a quotient <p and remainder />, then^ when ad is 
divided by ^0, a quotient^ lower or upper ^ will be <f(^^ 
and the corresponding remainder pO, 

For we hav a=: f^ + p, wher | /> | < | i^ |. 
Hence ad = {fP)9 + />^. 
Or ad = ^(^d) +pd. 

Also, since | ^ | is positiv, |/^||^|<|i^||^!- 

That is, \P^\<\^^1 

Therfor, when ad is divided by fid, a quotient, 
lower or upper, must be f and the corresponding re- 
mainder pd. § 521. 

626. The most important particular case of the pre- 
ceding investigation is when a and ^ ar both positiv 
integers, or primary numbers. 

Suppose « and * ar any two primary numbers and 
a>b. 

If a is exactly divisible by ^, ^ = qb. 

If a is not exactly divisible by b, let q be the lower 
quotient, t the upper, r the positiv remainder, and — s 
the negativ remainder. 

Then a=:qb + r^ a = tb — s^ r + s = b, and r and 
s ar both less than b. 

We hav also the following additional theorems for 
primary numbers, or positiv integers. 

626. Theorem. 7f a and /? ar positiv, a > ^, and 
^^ Pf ^^^ ^^^^ approximate quotients obtaind by di^ 
viding aby ^ ar positiv. 



(1 ) See Stolz und Gmeiner, p. 34. 
II 
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Let <p be the lower approximate quotient and p the 
corresponding remainder. 

Then a = fP + p, wher a^ fi'^ p. 

Hence <pp= a — p, wher a^ p. 

Hence <p s=(a^ p):fi. 

Since a > /?, a — ^ is positiv. 

Since, therfor, ^ is the quotient of two positiv in- 
tegers, f is positiv. 

Similarly we may prove that the upper quotient is 
positiv. 

627. Theorem, If a and ^ ar positivy a > ^, and 
a ;j> ^, and the lower approximate quotient f obtaind 
when a is divided by ^ is greater than the corresponding 
remainder y then, when a is divided by f, the lower ap- 
proximate quotient is /9 and the remainder the same as 
when a is divided by ^. 

Let p be the positiv remainder obtaind when a is 
divided by /9. 

Then a = f ^ + />, wher p<.(p. 

Hence a = ^f + p. 

The theorem then follows from § 521. 

528. Theorem. If a and ^ ar positiv, « > A ^^^ 
a 3f A ^^^ ^^^ lower approximate quotient <p obtaind 
when a is divided by ^ is greater than ^, then, when a 
is divided by (p, the lower approximate quotient is ^ and 
the remainder the same as when a is divided by ^. 

For, if f> > ^ and ^> p, f>P' 

529. Theorem. If a and ^ ar positiv, « > j9, and 
a 3> ^, and the upper approximate quotient ^ obtaind 
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when a is divided by ^ is greater than the corresponding 
remainder, then, when a is divided by jf , the upper ap- 
proximate quotient is ^ and the remainder the same as 
when a is divided bv ^, 

530. Theorem. If a and ^ ar positivy « > ^, and 
a 3> ^, and the upper approximate quotient jf obtaind 
when a is divided by ^ is greater than ^, then, when a 
is divided by ^, the upper approximate quotient is ^ and 
the remainder the same as when a is divided by ^. 

531. Theorem. If i <^ ^ <^a and f is the exact or 
lower approximate quotient obtaind by dividing a by /9, 
then both <p and <p +1 ar less than a and (^ + i)/3 > «. 



Since ^> i, 


^^2. 




Hence 


^^ > ^ X 2. 


§§ 330, 335. 


Or 


(p^^<p + f. 




Now 


a^f^. 




If« = ^^, 


<p> I. 


§ SOI. 


Hence 


f + f><P+ I- 


§ 2X6. 


Hence in this 


case we hav 




a  


= ip^^<p + <p>f+ I. 





Therfor a> ^ + i. 

Moreover, since f + i > f, {<p + i)fi >f^- § 332. 

Therfor (^+ i)^>a. 

If a>^^, f ^ I. 

Hence <p + <p^(p + i. 

Hence in this case a > f^^ f + f^<p + i. 

Therfor a> ^ + i. 

Moreover, since (p+i is the upper approximate 
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quotient obtaind by dividing a by ^,{f + i)^> «. 

§512. 
In both cases, since f <.f + i <,a, ip <Ca. 

532. Theorem. If a> 2 and ^ is the integer one 
greater than the exact or lower approximate quotient ob- 
taind by dividing a by 2, then i < ^ < a and ^^ > a. 

Let the exact or lower approximate quotient ob- 
taind by dividing a by 2 be <p. 

Then ^ + i < a and (ip + 1)2 > a. § 531. 

Also ^ + I > I. 

Hence, if^=y+ i, i<^<a and j8 x 2 > a. 

Also, since )S ^ 2, )9/9 ^ j9 x 2. 

Therfor ^jj > a. 

533. Theorem. If a> 2 and we divide a succes- 
sivly by each number of the natural series of increasing 
positiv integers y we must after a time com£ to a divisor 
)9, wher /</?<«, which givs an exact or lower ap- 
proximate quotient <py such that ^ < ^. 

Let j9 be the integer one greater than the exact or 
lower approximate quotient obtaind by dividing a 
by 2. 

Then i < ^ < a and ^^ > a. 

Now divide a by ^ and let f be the exact or lower 
approximate quotient obtaind. 

Then ffi^a, (i) 

Now suppose V^^' 

Then fi^gjs^. 

Hence f^ > a, 

which contradicts (i). 
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Hence f "¥ ^ ^^d V^ P- 

Therfor 9 <fi' 

We have shown, therfor. that ther is an integer ^, 
which satisfies the requirements. 



CHAPTER VII. 



FACTORS. 



634. We hav seen in § 487 that, if an integer has a 
given factor, it has also as a factor the opposit of the 
given factor. Moreover, no integer has zero as a fac- 
tor (§ 427). We will therfor in what follows confine 
our attention chiefly to positiv factors. 

535. Theorem. The number of positiv factors of any 
integer^ except zero, is not greater than its numerical 
value (^). 

For we hav seen that no factor is numerically 
greater than the integer itself. 

If a is the given integer, its positiv factors must 
therfor be among the numbers i, 2, 3, . . •, | a | — 2, 
I a I — I, I a |, the number of which is | a |. 

536. Hence the number of positiv factors of a given 
integer, not zero, is definit, or limited. 

537. Every integer, not zero, has unity and its own 
numerical value as factors. But not every integer 
has other positiv factors. An example of the latter 
class is the number 7, as may be seen by dividing 
7 (§505) by all the positiv integers less than it. 

538. Definition. An integer that has no positiv fac- 

( 1 ) See Tannery, p. ill. 
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tor except its own numerical value, if this is positiv, 
and unity is calld a prime integer. AH other integers 
ar composit integers and ar said to be factorable. 

Zero is composit and unity is prime, for zero is 
divisible by every integer except itself, and unity has 
no positiv factor except itself 

We may determin the primeness or compositness 
of any given integer numerically greater than one by 
dividing it successivly by all the positiv integers 
numerically less than it,, stopping if we come to an 
exact divisor greater than unity. 

Thus we find that i, 2, 3, 5, 7 ar prime integers 
and 4, 6, 8, 9 composit. 

539. Theorem. If the integer a is prime, -^ a is 
prime ; if a is composit , — a is composit. 

For a and — a hav the same positiv factors. 

640. Theorem. If a prime integer a is divisible by 

an integer ^, wher | i9 1 4= ^i I ^ I = I i^ I- 

For, since a is prime, the only positiv factors it has 
ar I a I and i. 

Since a is divisible by ^, | ^ | must be a factor of «. 

Therfor, since | i9 1 + i, | ^ | = | a |. 

541. Theorem. Every composit integer y except zero^ 
has a positiv prime factor numerically less than it and 
different from unity (^). 

For every composit integer a, except zero, has one 
or more positiv factors numerically less than it and 
different from unity. 

(i)See Tannery, p. 127. 
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The smallest of these, say j8, must be prime. For, 
if j9 had a positiv factor y less than it and different 
from unity, a would also hav t' as a factor. § 460. 

Then ^ would not be the smallest of the factors of 
a which are numerically less than it and different 
from unity. 

Therfor j9 is prime. 

642. In virtue of the last theorem, when using the 
process of § 538 to determin whether a given integer 
is prime or composit, we need not divide by any 
positiv integer that we know to be composit. 

For, if the given integer is divisible by a composit 
positiv integer, it is also divisible by the positiv prime 
factors of this composit integer. § 460. 

Hence, if not divisible by the prime factors, it is not 
divisible by the composit integer. 

643. Theorem. If p is a composit integer different 
from zerOy and a an integer such that 1 1^ |< aa, then v 
must hav a positiv prime factor less than | a \ (*). 

Since v is composit and not zero, it has a positiv 
prime factor /9, such that i < i9 < 1 1^ | . 

Hence v = fif, wher i<|r|<|*^|* § Soi. 

Hence, since 1 1^ | < aa, | ^/^ | < aa. 

Therfor either ^ or 7* is numerically less than a. 

§408. 
If I /9 1 < I a I , the theorem is proved. 
In case | ;- 1 < | a | , ^^ is either prime or composit. 

(1) See V. A. Le Besgue, **Th6orie des Nombres," 1862, p. 48. 
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If y is prime, then, since 7-, and hence | ;* | , is a fac- 
tor of V, the theorem is proved. 

If Y is composit, it has a positiv prime factor 8, such 
that I < 5 < 1 7" I . 

Then v is also divisible by 5 (§ 460), which is less 
than I « I (§ 193), and the theorem is proved. 

644. Theorem. Ijf v is an integer different from zero, 
which has no positiv prime factor less than | a | , and if 

1 V I < aa, then v is prime (*). 

This follows immediately from § 543. 

645. Formation of a Table of Prime Positiv Integers (^). 
The method of § 538 is cumbersome, if used to find 
all the prime positiv integers from i to a given large 
number. 

The following method is comparativly rapid. 

Let the given number be v and write the natural 
series of numbers i, 2, 3, . . ., v. 

To determin the prime numbers in this series we 
will cross out the composit numbers. This may be 
done by successivly crossing out the multiples, other 
than unit mutiples, of positiv integers which we know 
to be prime, other than unity. § 54i* 

Now we know that 2 is prime. § 538. 

Let us cross out, then, the multiples of 2, 2 x 2, 

2 X 3, 2 X 4, • • • 

The first number after 2 of those then remaining in 

the series is 3. 

(*) See Tannery, p. 128. 
(*) See Tannery, p. 128. 
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Now none of the numbers left in the series and less 
than 3 X 3 is divisible by any prime positiv integer 
less than 3, except i. 

All these numbers ar therfor prime. § 544. 

Thus 3, 5, 7 ar prime. 

Next we cross out the multiples of 3, 3 x 3, 3 X 4, 

The next number after 3 in the series now left is 5. 
By the same reasoning as befor all numbers left in 
the series and less than 5 x 5 ar prime. 

Next we cross out the multiples of 5, 5 x 5, 5 X 6, 

5 X 7, • • • 
And so on. 

If, after crossing out the multiples of the prime 
number 7-, ther remain after y in the series one or more 
numbers, the first of which is 5, 8 is prime and we 
next cross out the multiples 8 x S, d{8 +1), 8{d + 2), 
. . ., if these ar in the series. If 5 x 5 > v, the table 
is complete. All the numbers then remaining in the 
series ar prime. 

This method of forming a table of prime numbers 
is calld the Siv of Eratosthenes. 

646. Theorem. IfyWhen a positiv integer vis divided 
successivly by all the prime positiv integers frofn 2 to 8, 
wher 8 need not be prime ^ none of the divisions is exact , 
and 8 givs a lower quotient (p equal to or less than the 
prime number e next greater than 8, the given integer 
is prime (^). 

.(') See Tannery, p. 130. 
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To prove this, we hav v < (^ + i)5. §512. 

Now, if ^ < e, <p + i^e. 

Hence, since 5 < e, (9? + i)^ < ee. §§ 349, 350. 

Therfor v < ee. 

If <p =s e, let p be the remainder corresponding to 
the quotient f. 

Then, since ^ = e>5>/>, <p> P- 

Hence, if v is divided by <p, the lower quotient will 
be 8. § 527. 

Therfor v < (8+ i)f. 

Since 5 < e, 5 -f i ^ e. 

Hence, since <p = e, {8 + i)<p^ee. §§ 33i> 349- 

Therfor v < ee. 

In either case, then, v < ee. 

Therfor, since p has no positiv prime factor less than 
€, V is prime. 

647. Theorem. Tf^ when a positiv integer v is divided 
sticcessivly by all the prime positiv integers from 2 to 8, 
wher 8 need not be prime ^ none of the divisions is exacts 
and 8 givs a lower quotient <p equal to or less than 8+1, 
the given integer is prime. 

This follows from § 546 as a particular case. 
For, if ^ ^ 5 + I, then, since '5 + i ^ e, ^ ^ e. 

648. By the help of the last two theorems we may 
use the table of prime positiv integers to advantage to 
determin whether a given positiv integer v is prime or 
composit, even when v is greater than any number in 
our table. 

We divide v successivly by the prime numbers of 
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our table. If we get an exact quotient greater than 
unity, V is composit. If we get no exact quotient and 
come to a divisor which givs a lower quotient equal 
to or less than the next greater prime number in the 
table, the given number is prime. If we get no such 
quotient and try the last prime number 57 of our table 
as a divisor, then the given integer is prime if the 
quotient obtaind is equal to or less than 7+1. If 
this is not so, we try jy + i as a divisor, then tj + 2, 
7 + 3, • • • until a divisor /c, less than v, givs a quo- 
tient equal to or less than k + i. 

We must come to such a divisor. For by § 533 
we must find a divisor /c which givs an exact or lower 
approximate quotient less than k. 

If no quotient is exact, the given integer is prime. 
For, in dividing by all the prime numbers from 2 to 3y 
and all the integers ^y + i, 5 + 2, 5^+3, • • •, ^, we 
divide by all the prime numbers from 2 to k. 

649. Theorem. Having given any composit positiv 
integer, a set of positiv prime factors , all different from 
unity y can be found, of which it is the product (*). 

Consider the number 'g. Dividing by 2, we find 
that 1? = 2 X 6. Dividing the quotient 6 by 2, we 
find that 6 = 2 x 3. Hence tS = 2 x 2 x 3. 

Similarly let v be any given composit positiv integer. 
Then v has some positiv prime factor less than it and 
different from unity. Let a be the first of the prime 



(>)See Tannery, p. 131 ; Chrystal, p. 38 ; Legendre, p. 5, 
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numbers 2, 3, 5, ... by which u is divisible, the quo- 
tient being <py Then v = oup^. 

If ^j is also composit and divisible by a, let p^ be 
the quotient, so that y>j = a<p^ and v = aa^g- 

Continuing this process we must come at last to a 
quotient <p^ which is not divisible by a. 

For, let the series of quotients be ^^ (p^, f^y " ' 

Then ^> fi> f2> f3> '" § Soi- 

As each quotient is less than the preceding and all 
ar less than v, ther cannot be more than v — i of them. 
We must, then, at last come to a quotient ^^ which is 
not divisible by a. 

Then we hav v = {aaa -- * a times) ^^. 

In the same way we may find 
9a = W^ '"^ times);f„ ;f, = (777 . . . r times)^^, etc. 

Then 
V = (^aaa ^a times) (/9^/9 • . . ^ times) (777- . . .^ times) . . . 

None of the quotients i^y X2t '" * Xb ^^ divisible by 
a. For then ^^ would be divisible by a. § 461. 

Similarly none of the quotients ^j, ^2» * * * > S^c ^^ 
divisible by a or ^ ; and so on. 

The whole series of quotients ^j, (p2* " - , y^, Xv X%y 
• • • » Xh* ^v i'v * • • > ^c» • • • vawst hav an end, the last 
quotient being a prime number different from unity, 
since, for the same reasons as given above, ther ar not 
more than v — i quotients in all. 

We hav, then, found a set of positiv prime factors, 
of which V is the product. 

660. Definition. The process described above for 
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finding a set of positiv prime factors different from 
unity, of which a given composit positiv integer is the 
product, is calld resolution into prime factors. 

In this sense we cannot properly speak of resolving 
a prime positiv integer into prime factors. We may, 
however, regard it as already resolvd. 

551. Definition. A common factor of two or more 
integers in an integer that is a factor of each of them. 

Thus 3 is a common factor of 6 and 9 ; 5 is a com- 
mon factor of 5 and Y- 

552. Theorem. The number of positiv common fac- 
tors of two or more integers ^ of which at least one is not 
zerOf is not greater than the numerical value of the 
num£rically smallest of those which ar not zero (^). 

Let the number of positiv common factors be n and 
let a be the numerically smallest of the integers which 
ar not zero. 

Then, since the n positiv common factors ar factors 
ofa, ;^>|a|. §535. 

553. Theorem. Thus the number of positiv common 
factors of two or more integers ^ of which at least one is 
not zerOy is limited, 

554. Theorem. The number of positiv common fac- 
tors of two or more zero integers is unlimited, 

555. Definition. An integer a is prime (^ relativly 
to, or simply prime to, an integer ^, when a and ^ hav 
no positiv common factor except unity. 

(' ) See Tannery, p. 112. 
(2)SeeChrystal, p. 38. 
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• 

Thus 4 and 9 ar prime to each other. 

The statement " a is prime to ^ '* may be written 
a JLL /? ; the statement " a is not prime to ^ *' may be 
written a J£ /5. 

556. Theorem. No integer except positiv and negativ 
unity is prime to itself, 

557. Theorem. If (i\\_?y then ^9 Jl a. 

558. Theorem. Ifa^^, then /5 il a. 

559. Theorem. If a = ^ and ^ W,y, then a 1 1 r. 

560. Theorem. ^ « JJ_ ^ and ^ = Xf then a\\ r- 

561. Theorem. ^aJl^, then aJl/S, «lLi^, and 

For a has the same factors as a, and j9 as ^. 

562. Theorem, a Jl i . 

563. Theorem. The only positiv integer to which zero 
is prime is unity. 

564. Theorem. Any two different prime positiv in- 
tegers ar prime to each other, 

565. Theorem. ^ « li i^, every factor of a is prime 
to every factor of ^Q). 

For, if these factors had a positiv common factor 
other than unity, a and ^ would hav this factor also. 

566. Theorem. If a^ ^ wher | )9 | 4= i, thena^^. 
For, if a > ^, wher | jS | 4= i, « and ^ hav a pos- 
itiv common factor, | /? |, different from unity. 

Therfbr a j£ )9. 

567. Theorem. Ifa\]_p, wher | ^9 1 4= i , tJien a 3> ^. 
This follows immediately from the preceding. 

(') See Tannery, p. 117. 
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668. Theorem. Jf <^ H.^^ wher ^ is prime, tlien 

By the hypothesis ^ ^ o. 
For zero is a composit integer. 
Moreover | ^ | z^ i . 
For every integer is prime to unity. 
Now, since « if ^, « and ^ must hav some positiv 
common factor besides unity. 

But the only positiv factors of ^ ar i and | /9 1. 
Hence | ^ | < a. 
Therfor a > ^. 

569. Theorem. If a^ ^^ wher ^ is prime, then 

570. Theorem. If | « | > | i? |, wher a is prim£ and 
^^ O^thenaW^p. 

Since a is prime, the only positiv factors it has-ar 
\a\ and i. 

Moreover, no positiv common factor of a and ^ can 
be numerically greater than j9. 

Hence unity is the only positiv common factor of a 
and ^. 

Therfor a Jl ^. 

671. Theorem. If a^^ <p^ + y, any com^non factor 
of ^ and f is a common factor of a and j9, and con- 
versely (^). 

The direct theorem is proved easily from § 480. 
The converse follows from § 481, since, if a = ^^ + 7^, 

(1) See Tannery, p. 112; Chrystal, p. 39. 
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GREATEST COMMON FACTOR. 

672. Definition. We hav seen that the number of 
positiv common factors of two or more integers, of 
which at least one is not zero, is limited (§ 553). 
Among these factors ther is one, and only one, which 
is greater than all the others (§ 199). This is calld 

their greatest common factor Q. 

It may be found by dividing each of the other in- 
tegers by the factors of the numerically smallest of 
those which ar not zero. 

Thus the greatest common factor of 8 and tS is 4. 

Two or more zero integers hav every positiv integer 
as a common factor and hence hav no greatest com- 
mon factor. 

We will denote the greatest common factor of two 
integers a and ^9, which ar not both zero, by the 
symbol «@^, which may be read "a kor ^.** 

The symbol a @/3 will, then, be univalent, if a and 
j9 ar not both zero. The symbol o @ o, however, 
will be meaningless. 

The integers a and /9 may be calld the elements of 
the greatest common factor a @ ^. 

(*) See Tannery, p. 112. 

12 177 
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573. Operation of Finding Greatest Common Factor. 

In § 572 a method for finding the greatest common 
factor of two or more integers, which ar not both zero, 
was explaind. The greatest common factor a @ ^ is 
therfor found by an operation. 

674. Theorem. a0^= /5@a, provided a and ^ 
ar not both zero. 

This follows immediately from §§ 553, 199, 170. 
This theorem is the Commutativ Law for Finding 
Greatest Common Factor. 

675. Theorem. ^a>i9, a®^=|/5| C). 
For the greatest positiv factor of ^ is | ^ |. 
And, since « >• j9, | ^ | is also a factor of a. 
Therfor | ^ | is the greatest common factor of a and ^. 
576. Theorem, a @ a = | a.|, provided a 4= o. 

For then a^ a. § 442. 

677. Theorem, a ® i = i . 

678. Theorem. O ® a = | a |, provided a 4= o. 

679. Theorem. If aJl^S, «®i9= i, and con- 
versely. 

680. Theorem. 

provided a and ^ ar not both zero, 

681. Theorem. If\y\ is unity, « ® r = i^ ® T- 
For then both a®;* and ^®7' ar unity. 

682. Theorem. If\x\is unity, r ® " = T ® i®- 

683. Theorem. If a=^ ^, a® ^ = )9®7', provided 
j9 and y ar not both zero, 

(i)See J. A. Serret, "Traitt d'Arithmetique,*' 1852, p. 79. 
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For, if a and ^ ar equal, they ar the same integer. 
Hence they hav the same greatest common factor 
with y, 

684. Theorem. If ol=^ ^yr®^ = T®^y provided 
/? and y ar not both zero, 

585. Theorem. Ifa = ^andy = d,a@y = ^@d, 
provided ^ and y ar not both zero, 

586. Theorem. Ifa=z(p^ + y^ then a®^ = ^@y, 
provided a and j9 ar not both zero (^). 

For a @ /? is a common factor of /9 and y 
and ^@7' is a common factor of a and /9. § 57i» 

Hence, if a®^> ^@y, ^@y would not be the 
greatest common factor of fi and y. 

And, if «®/5<i?®r» «®i^ would not be the 
greatest common factor of a and ^. 

Therfora@^ = ^@7-. 

587. Theorem. 7fa = <p^ + y and « JJ. j9, then /3 J_L y, 
and conversely, 

. 588. Theorem, i + a^ is prime to a and ^, 
For a and ^ are prime to i. 

589. Theorem, i + a^y "-is prime to a^ ^, y^ . - . 

590. Theorem. Having given any number of prime 
positiv integers, all different from unity, another can be 
found. 

For, let «, ^y y^ ' ", /c be any series of prime positiv 
integers, all different from unity, 
and let ^ = a^y "-fc + i. 



(») See Le Besgue, p. 32 ; Chrystal, p. 39. 
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Then ^ > i and X is not divisible by any of the 

integers a, fi,r>"'»'^' §§ 589* 5^7- 

Now k is either prime or composit. 

If X is prime, the theorem is proved. For, since X 
is not divisible by any of the integers a, /?,;', . • ., k, it 
cannot equal any of them. § 447. 

If X is composit, resolv it into positiv prime fac- 
tors. § 549. 

These factors must all be different from the inte- 
gers a, ^, Y, • • •, K, since X is not divisible by any of 
these integers. 

Therfor another prime positiv integer, different from 
unity, can be found. 

691. Theorem. The number of prime positiv integers 
is infinit(^), 

692. Theorem. Having given any prime positiv inte- 
ger^ a greater prime positiv integer can be found. 

Let K be any prime positiv integer. 
From the natural series of numbers 2, 3, 4, . • ., /c 
pick out the prime integers. Let these be a, ^, 

Then, by § 590, having given the series of prime 
positiv integers a, ^, T, " •, fc, all different from unity, 
another can be found. 

But this other cannot be less than #c, since all the 
prime positiv integers different from unity and less 
than K ar included in the series a, ^, 7*, • • ., k. 

(i)See Euclid's Elements, Bk. IX, Prop. 20; Chrystal, p. 47; 
Tannery, p. 127. 
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m 

_ m 

Therfor this other prime positiv integer is greater 
than K. 

This theorem is equivalent to the statement that 
ther is no greatest prime positiv integer, 

698. Theorem. Having given two integers a and ^, 
wher ^ ^ o ; if we divide o.by ^^ calling the remainder 
p^ ; then, if p^ ={= o, divide ^ by p^, calling the remainder 
p^ ; then, if p^ 4= ^> divide p^ by p^, calling the remainder 
p^ ; and so on ; that is, if we divide each remainder by 
the Slice ceding remainder, provided that succeeding re- 
mainder is not zero ; we must finally come to a zero 
remainder, 

For,by §519, |^|>|/>J>|/>J>|/>3|>... 

Hence the remainders continually decrease in 
numerical value and ar all numerically less than )9. 

The number of remainders cannot, then, be greater 
than the number of integers in the series |^|- i, 

1^1-2, |^|-3, •••, 3» 2, I, o, which is [^|, 

We must, therfor, at least as early as in the | j9 |*th 
division, find the remainder zero. 

694. Theorem. Having given two integers a and ^9, 
wher )9 4= o / if we divide a by fi, calling the remainder 
p^ ; then j9 by p^, calling the remainder p^ ; then />j, by 
p^ calling the remainder p^ ; and so on, until we come 
to the zero remainder ; the greatest common factor of a 
and ^ is the numerical value of the divisor that givs the 
zero remainder. 

Call the zero remainder p^, set a = p_^, ^ = p^ 
and call the successiv quotients f j, f^^, f y • • • , f ^. 
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From the series of divisions we get the series of 
equalities a = f i/9 + />„ or />_, = y>j />, + />„ 

^=9sPl + Pv Po = f a />! + P2' 

Pi = <P^2 -^Pv Pl=' 9i Pi + Pv 



Pn-% = 9J>n-l + />,. P,-i=9nPn-X+Pn- 

§515- 
Hence a® )9 = ^@/>i = />, ® />, = />,®/>j = • • • 

= Pn-l ® Pn-l = /'.-I ®Pn ^ S^^ 

= Pn-i®° §584- 

= |/'«-il- ^ §578. 

This method for finding the 'greatest common fac- 
tor of two integers is calld the Algorithm of Euclid Q). 

695. theorem. -5^ a Hi?, |j0^i|= i^ and conversely, 

696. As the greatest common factor of two integers 
is an integer, we may combine it with other integers 
by any of the signs +, — , x, :, 0, provided that 
the first element of every quotient is divisible by the 
second, and that of two integers connected by the 
sign @ not both ar zero. We will use parentheses 
to indicate the order in which the various operations 
ar performd. 

Every such expression is univalent. For every 
sum, difference, product, quotient, and greatest com- 
mon factor is univalent. 



(i)See Euclid, Bk. VII, Prop. 2; Chrystal, p. 39; Tannery, pu 
113; Dirichlet-Dedekind, p. 6. 
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697. Theorem. If for one or more elements of a 
complex expression which contains integers connected by 
auy or all of the signs +, — , X , :» @, and in which 
the first element of every quotient is divisible by the 
second and of two integers connected by the sign @ not 
both ar zero, equal integers ar substituted^ the complex 
expression is unchanged. 

698. Theorem. 

If a + o and^ + o, (a^) ® {ay) = |a|(^®r)C). 

To obtain ^@;' we proceed by the algorithm of 

Euclid, obtaining the remainders jOj, p^, jO^, . . . , p^_^^ 

Pn-v Pn' § 594. 

Then />^ = o and ^ @r = I Pn-i I- 
To obtain (aj9) @ (a-jf) we proceed in the same way. 

But by § 524 a possible series of remainders will be 

^Pv ^PV ^Pv • • • ' ^Pn-V ^Pn-V ^Pn' 

And, since p^ = o, ap^ = o. 

Therfor (a^) ® («r) = ]«/»,_, | = | a 1 1 p,J 

= l«IOJ®r). 

This theorem is the Left-handed Distribntiv Law for 
Hiiltiplicatioii and the Operation of Finding Oreatest 
Common Factor, 
s 699. Theorem. 

if^^oandr + o, (ar) ® m = («®^) \r[ 

This theorem is the Bight-handed Distribntiv Law 
for Mnltiplication and the Operation of Finding Oreatest 
Common Factor. 



(*) See Tannery, p. 116. 
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600. The preceding two theorems ar frequently of 
help in obtaining the greatest common factor of two 
given integers. Any common factor that is known to 
exist may be removed and the greatest common 
factor of the remaining numbers found. If this great- 
est common factor be multiplied by the numerical 
value of the factor that was removed, the product 
will be the required greatest common factor. 

601. Theorem. ^ a 4= o, j9 4= o, and ^Ji.r> ^^^ 
(a/J) ® («r) — I « I ; ^^ conversely, if{a^) 0(«r) *» 1 « l» 
then )9 1 1 r. 

For the direct theorem, since i9 1 1 r. ^(x)r = I. 
Hence (a^) ® {ay) = | a | x I = | a |. § S98. 

For the converse theorem, 

wehav («i9)®(«r) = |«|(^®r). §598- 

But by the hypothesis {a^) @ {ay) = | « |. 

Hence |«|(^®r)= |«| and^0r= i- 
Therfor ^ J_L 7-. 

602. Theorem. If a^y and ^9 > r, '^her ^ + O, 
thena@^ >yand{a@^) : | r | = (« : r)0(/? : r) 0- 

We hav a== fpy and ^ = yj, wher X + O. 
Hence a@/9=(^r)@(;j7') = (^0;f)|;^|. 

§§ 585, 599- 
Therfor a ^ > ;- 

and («0^) : I r I = f 0Z = (« : r)®{? : r). 

This theorem is the Distribntiv Law for Division 
and the Operation of Finding Greatest Common Facti>r 

(1) See Le Besgue, p. 32. 
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603. Theorem. If i? 4= o / then, if | ^ | = « ® /?, 
« >• ^, ^y?- Of and a : jj_fi : ; and conversely , if 
a>0,i^>0, anda:0j±^:0, then |^| = a®i9. 

For the direct theorem, 

(a:^)®(/3:<?) = (a®i9):|l?i=i. §602. 
Hence a\ \\ & \0. 
For the converse theorem reverse the steps. 

604. This theorem is equivalent to the follow- 
ing : 

Theorem. If a and j9 ar two integers , which ar not 
both zero ; then, if k is their greatest common factor, 
ther exist two integers y and 8, prime to each other, such 
that a=iyic and ^ =: d/e/ and conversely, if a^=yK and 
^ = bK, wher X and 8 ar prime to each other and k is 
positiv and 8 not zero, then k is the greatest common fac- 
tor of a and ^. 

606. Theorem. The common factors of two integers, 
which ar not both zero, ar the same as the factors of 
their greatest common factor. 

For, by §§572, 460, every factor of the greatest 
common factor is a factor of each of the given in- 
tegers. 

And, by § 602, every common factor of the two 
given integers is a factor of their greatest common 
factor. 

Hence the two groups of factors, first, the common 
factors of the two integers and, second, the factors of 
their greatest common factor, ar the same. 



1 86 INTEGERS. 

606. Theorem. The integers a and ^, wher ^ 4= o, 
and all the remainders obtaind in finding their greatest 
common factor by the algorithm of Euclid can be exprest 
in the form Xa + p^ Q. 

We hav />_, = ^,/>, + ^„ 

Pi = V^2 + Pv 



Pn-2 = 9nPn-l + Pnf 

wher p^ is the last remainder, the zero remainder. 

§ 594. 
Now a= I. a — 0./9, 

or p_^ = X_^a + p__^P, wher X_^ = i and //_j = — o. 

Again ^ = — o.a + i.^, or p^ = ^^^a + ;«^^, 

wher ^^ = — o and Pq= i- 

Thus the first two of the numbers a, fi, p^, p^, p^ . . ., 
p^ hav been exprest in the desired form. 

Suppose we hav proved that two successiv p's, p^__^ 
and />^_i, wher w — 2 ^ — i and w — i ^ « — i, that 
is, wher o</«<;^+ i, can be written in the form 

Xa + p^, so that p^_^ = X^_^a + p^^^ 

and p^_, = X^_,a + p^^^fi. 

Then, since />^ = - <PJ>^_, + p^_,, 
by substituting in this equality the values of p^__^ and 
Pm-2 taken from the preceding two equalities, we get 

(1) See Chrystal, p. 44. 
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= (- 9j„-l + ^m-2)« + (- f m/'m-l + A'm-j)^ 

m 

wher ^'« = - <pj„,^i + L-2 

and /^„, = - f J'^-i + /'^-r 

Thus we hav proved that, if two successiv remain- 
ders p^_2 and jO^_j can be written in the form Xa + ///9, 

the next remainder p can also be written in this form. 

f ffi 

But we know that p_^ and p^ can be written in the 
form ^a + j"i3. Hence p^ can be written in this form. 
Again, since p^ and p^ can Be written in this form, p^ 
can be. And so on. That is, all the p*s can be written 
in this form. Therfor p^=^ k^a+ p^^, wher e may hav 
any value from — i to «. 

The formulas ^„ = - <pj^^, + X^_^ 

and hn.= - f m/^m-l + t^n.-2 

show how, having given X_^, X^ and //_j, p^ and the series 
of ^'s, the remaining X*s and p's can be calculated. 

Thus ^1 = - ^A + ^-P ft = - 9iN + l^-v 

^2= - ^2^1 + K ft = - y'a^i + ft» 

It will be noticed that the formulas by which X^ and 
p^ ar calculated from X^_^, X^^^ and /i^^^, p^_^ respec- 
tivly ar similar to that by which p^ is obtaind from 
/>^_i and p^_^. 

607. Definition. The method of proof just used to 
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show that p, can be written in the form Xfi + fi^^ for 
all possible values of c is calld the Method of Mathe- 
matical Indnction. 

According to this method we prove that if a certain 
rule, in whose statement ther appears an integer rj 
holds for a particular value of rj^ or for some specified 
number of successiv particular values, then it holds 
for the next value. 

Then we show that it does hold for a particular 
value of ^, or for the specified number of successiv 
particular values. 

Hence it holds for the next value and therfor for all 
values that rj can take, starting with and succeeding 
some particular value. 

This result may be stated in the form of a theorem 
as follows : 

Theorem. Law of Mathematical Induction. If a 
certain statement^ in which an integer jy is involvd, 
holds far a particular value of rj or for some speci- 
fied number of successiv particular values^ and, if it 
is proved that^ if the statement is true for a particular 
value of fj or for the specified number of successiv par- 
ticular values, it holds for the next value, then the state- 
ment is true for all values that rj can take, starting with 
and succeeding some particular value. 

This is so, because every integer has its place in 
the natural series of integers. 

608. By the method of § 606 we can calculate as 
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many values as we please of the /*s and yM*s in terms 
of the ^'s, up to X^ and ya^. 

Thus we hav 
^-i= + i, //_i=-o, 

^3 = + {fzfl +0. /'S = - (?'3f2f 1 + ^3 + fl\ 



It will be noticed that the signs with which the 
values of the ^'s and fj!s begin ar alternately plus and 
minus and that each X has the opposit sign to the cor- 
responding yM. This rule holds for all the X's and fjts 

For, since ^^ = - <pj^^^+ ^2, if ^„_2 has the plus 
sign and X^_^ the minus sign, X^ will hav the plus sign 
(§ 326). And if ^^_2 has the minus sign and X^_^ the 
plus sign, X^ will hav the minus sign. • 

Hence, since X_^ has the plus sign and X^ the minus 
sign, X^ has the plus sign ; since X^ has the minus sign 
and X^ the plus sign, X^ has the minus sign ; and so on. 

Similarly for the [I's, 

Also, since X_^ has the opposit sign to ;/_j, and the 
signs of the ^'s and //'s alternate as we go down the 
series, the signs of the corresponding /*s and ya's will 
continue to be opposit. 

609. Theorem. If A^_p X^ and ii^_yt fi^ ar any pair 
of successiv X*s and the corresponding [x's in the series 

K K K '">K ^^^ f^v t^v t^v • • •> /^«» ^^'^^^ ^*« § ^o^y 
then X^_^^ — X^fi^_^ = it i , according as t is even or odd. 
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Set T^ = ^^_i//, — ^lA^t-p wher — i < ^ < ;^ + i. 
Then r, = X_^fi^ - X^_^ 

= I X I —ox 0= I. 
Now we hav ^^ = — <p^^^_i + ^^_2 

and /^c = - S^tA^t-i + f^.-v 

which equalities hold when o < r < « + i. 

By multiplying the second of these equalities by 
X^_^jaLad the first by fi^_^, and subtracting, we get 

or r^ = — r^_j, which holds if o < r < ;« + i . 

In this equality replacing c by ^— i, we get 
r^_j = — rj_2> which holds if o<^--i<«-j-i, or 
I <f <;«+ 2. 

Hence r^ = rj_2, or r^_2 = ^t, which holds when 
both b < ^ < « + I and i < ^ < « + 2, that is, when 
I <i<n+ I. 

In the latter equality giving c the values 2, 4, 6, . . . 
in succession, we see that r^ = r^ = r^ = r^ = . . .* 

Giving c the values 3, 5, 7, • • • in succession, we 
get r, = Tj = Tg = Ty = . . . 

Now r^= I. Hence r^ = i, whenever r is an 
even number greater than — i and less than n + i. 

Also, since r^ = — r^^j, when o <,t<Cn + i, 

Hence r^ = — i, whenever c is an odd number 
greater than — i and less than n + i. 

610. Theorem. Jf a and /? ar two integers y which ar 
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not both zero^ two integers X and [i can be founds stick 
that ).a + fi^ = a(^^. 

Wehav «®^ = |/>_J. 
And />^.i = ;„_,« + ;i^_^p. 

Hence 

the upper or the lower sign being used according as 
Pt^^i is positiv or negativ. 

If, then, p^_^ is positiv, 
we hav X^_^a + fi^^^p = a ® ^. 

If /?„_! is negativ. 

In the first case setting ^^_j, fjL^_^ respectivly equal 
to X, /JL and in the second case setting X^_^, fi^__^ equal 
to — -i, — //, we hav for each case Xa + /ifi = a(^fi, 

611. Theorem. Jf a and ^ ar two integers prime to 
each other ^ two integers X and [i can be founds such 
that Xa + fji^^ I. 

According to the hypothesis a and ^ cannot both 
be zero, because zero is not prime to itself. § SS6. 

Hence this theorem follows from the previous one 
and § 579. 

612. Theorem. //a + ^= i, then a]±^. 

For, since a + j9 = i, any common factor of a and 
^ is a factor of i. § 478. 

618. Theorem. Jfa + ^=i i and y and 8 ar factors 
of a and /9 respectively^ r 1 1 <?. 

This follows easily from the preceding theorem and 
§460. 
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614. Theorem. Jf Xa + fiP = i, each of the integers 
X, a is prime to each of the integers fi, fi. 

This follows from the preceding theorem, since 
Xa > a, //^ > i?, etc. 

616. Theorem. In the series X_^, X^, X^, • • •> ^„ ^^ 

A^_ii f^o» f^v ' ' '» t^ny ^^^^ ^^ § ^^^> ^^^ ^ ^ prime to 
the succeeding X, each fi to the succeeding //, and each X 
to the corresponding fi. 

This follows easily from the preceding theorem and 
§609. 

616. Theorem. If Xa + [i^ = a@^, then vl Jl //. 
We hav a^yx and j9 ==5«, wher #c = a 0^9. § 604. 
Hence XyK + jiSk =» k . 

Hence ^7' + //5 = i. 

Therfor ^ JJ_ y«. §614. 

This theorem might be stated. In whatever way 
0L@^ is exprest in the form Xa + //j9, X and fi ar prime 
to each other. 

617. The most important particular case of the 
preceding investigation, §§ 593-611, is the case when 
a and )9 ar positiv. Let us consider this case. 

Suppose a^ ^ and that the quotients ^j, (p^, " 't9n 
ar all lower approximate quotients, except f^, which 
is exact, so that the remainders p^, p^, " '> Pn ^^ ^^ 
positiv, except p^, which is zero. 

Then the greatest common factor of a and ^ is 
p^_^, which is unity, if a and ^ ar prime to each other. . 

The quotients f^, tp^y • • •, ^^^ ar all positiv. § 526. 

Hence the values of X^^ A^, • • •, A^ (§ 608) ar alter- 



GREATEST COMMON FACTOR. 1 93 

nately positiv and negativ, the positiv values corre- 
sponding to odd subscripts. 

The values of //^ jjl.^, • • •, fx^ ar also alternately 
positiv and negativ^ the positiv values corresponding 
to even subscripts. 

Of any X and the corresponding /i, one is positiv 
and the other negativ. 

Let us now put ^j, ^3, ^5, • • • respectivly equal to 

^v ^v ^> • • • ^ K h Ky '" ^^"^1 to - ^2> - ^^> - ^6> 
• • • ; ft» t^v f^5f '" ^^"^1 to - fi, - fg, — f^, . .. ; /i^, 

/^v /^6» • • • ^q^ai to f 2, ^4» ^6> • • • 

Then all the v*s and f *s will be positiv and we will 
hav 



''3=?'S?'2+ I. 


t + fj/ 

• • 


^3 = f 3?'2?'l + f3 + ^^l. 


Pi V 

Pa = >'»« - 


• 



/»■» = ± ("^m* - ^m^). according as 
m is odd or even. 

Also v„ = ^„v„_i + v^_j, 

^m = fA-i + ^«-2. 'f '« > 2. 
For, if »/ is odd, the formula X= — w i + i , 

givS ^„ = i~ f J( - ''m-l) + ''m-V 

or *'» = f »'^«-l + *'»-2- 

If /« is even, the same formula givs 
13 
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■" *^m ^^ 9m^m-\ ^m-V 

or V^ = f «^^_X + V^_2, 

the same as in the other case. 

Similarly the formula for f^ is proved. 

We can now obtain from the theorems of § § 606, 
609-611 the following theorems for this particular 
case. 

618. Theorem. If a and ^ ar positiv integers and 
a > /9, all the remainders obtaind in finding their 
greatest common factor by the algorithm of Eticlid can 
be exprest in the form ± {ya — f ^), wher v and f ar pos- 
itiv integers^ the upper sign being used for the odd re- 
mainderSy the lower for the even remainders, 

619. Theorem. If v^_j, v^ and f ^_j, f ^ ar any pair 
of successiv v^s and the corresponding Z's in the series 

according as mis even or odd. 

For, if w is even, the equality l^-yfi^ - ^ J^«-i = + i 
givs v^_jf^ - (- vj(- f^_,) = + I, 

Similarly the other case is proved. 

620. Theorem. In the series v^, Vg, • • •, v^ and f^, f j, 
' "9^n ^^^ ^ ^ prime to the succeeding v, each f to the 
succeeding f , and each v to the corresponding f . 

621. Theorem. If a and ^ ar positiv integers^ twa 
positiv integers v and f can be found, such that 



(i)See Le Besgue, p. 37; Chrystal, p. 45, 
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622. Theorem. If a and ^ ar positiv integers prime 
to each other ^ two positiv integers v and f can be founds 
such that va — f/9 = db I. 

623. We will now leave this particular case and 
continue the general investigation. 

Theorem. Ifda^^, wher a_[J_^, then 0> ^{^). 
Since a\\ 0, we can find X and ft, such that 

I =Xa+ fi^. § 6ll. 

Multiplying by 0,0 = X0a + ;jl0^. 
Since ^a>A 0a = (p^. 
Substituting (p^ for 0a in the preceding equality, 

= X(p^ + fx0^ = {X(p + fjL0)^. 
Therfor 0>^. 

624. Theorem. If «JJ_^, any common factor of 0a 
and ^ must be a factor of (^). 

626. Theorem. If 0\\^ /?, \a0) ® ^S = « ® A provided 
a and ^ ar not both zero (^). 

For a 0)9 is a common factor of a0 and /9. § 460. 

And (aS) @ /? is a common factor of a and ^9. § 624. 

Hence, if {off) ®/9>a@i9, «®/? would not be 
the greatest common factor of a and /9. 

And, if («^)®i8< «® A («^)®i^ would not be 
the greatest common factor of a0 and ^, 
Therfor {a0) ® ^9 = a ® ^. 



(*)See Chrystal, p. 41; Tannery, p. 119; Lucas, p. 339. This 
theorem was known to Euclid. 

(*)See Dirichlet-Dedekind, p. 8. 
(•) See Tannery, p. 1 18. 
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626. Theorem. If «>^ and /?Jl/9, then 
{a : ^)@j9= a@^, provided a and ^ ar not both zero. 

Since a > ^ , « = f tf. 

Hence oL@^-=-[fO)®^ §583. 

= *'®i5 §625. 

= (a:<0®i5. §583. 

627. Theorem, (a/9) @ ^^ w divisible by ^^y. 

For we hav ^ ^= 3k and 7- = e/c, wher ^ = ^9® r* 

§604. 
Hence (a^) ® r = H'^) ® (e^) = [(«^) ® «] '^. 

§ 599. 
Therfor (afi) ® 7- > ^. § 409. 

Or («/9)®r>^®r. 

628. Theorem. If p>0a and v > d^, 

wher V 4= o ^;?rf ^ li A ^^^ ^ > ^«i® 
««rf |v| : |tfa/9|=»(v: (^«)) ® (v : (tf^)) ; 
^///rf conversely f if v'^ da^, then v > ^a, v > ^^9, /^wrf, 
^r I V I : I l?a^ I = (v : (^«))® (v : {Q^)\ then a Jl^. 

For the direct theorem, 
we hav v = ip9a and y = yfi^. 

Hence tpda = ;f^/9. 

Hence ipa^i^. §339- 

That is, ^a > ^. 

Hence, since a JJ./9, f^ > /9. § 623. 

That is, ^ = ^/9. 

Hence v = ^<?a/9. 

Therfor v > tfa^ and v : (^a/9) = ;, v : (<?a) = l^, 
v:(tf^) = ;a. 
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Hence | v | : | ^a^ | = | >l | 
and 

(V : (da)) ® (u : (0^)) = (A^.) @ (;.a) § 585- 

= |A| §601. 

Therfor | v | : | <?a/J| = (1^ : (<?a))0(v : (0^)). 

For the converse, theorem reverse the steps of the 
latter part of the proof. 

629. Theorem. Jfi^'^ a and i^ > j9, wher v =4= o and 
«iL A /A^« V > a/? ^«^ I ^^ I : I «i5 1 = (v : a)@(v : ^); 
a«rf conversely^ if v > a^, /A^« 1^ > «, ^ > /9, ««^, 
^/| V I : I «;?! = (v : a)® (v : )9), /A^« a\l^. 

This theorem is a particular case of the preceding 
theorem, the case when <? = i. 

The theorem of § 579 is a particular case of this 
theorem, the case when v = «j9. 

630. Theorem. If v>a and v>/9, wher 
V 4= o, then V > (a^) : (a@j9) ^«rf 
ivi:(|«i9|:(«®^)) = (v:«)®(v:^). 

We hav a=^ icf and ^ = #c5, 

wher a® )9 = fc and r li^- § 604. 

Since v > a and v > j9, v > /c/' and v > ic5. § 459. 

Hence v > 19-5 

and I V I : I i9-5 1 = (v : (i^r)) ® (v : (ic5)). § 628. 

Moreover a/? = (19-) {kS) = (19-5)/^ §§331,381. 

Therfor a^'> /c and (a^) : #c = /q'S. § 414. 

Hence | i<er5| = \{a^) :ic\=^\a^\:K §§ 396, 496. 

= |«^|:(«®^). §459. 

Therfor v > {a^) : #c and 

v| : (|a^| : («®^)) = (v : a)®(v :^). §§459, 585. 



198 INTEGERS. 

681. Theorem. If a \]_p and a Jl r» ^^^^ « Jl ^r / 
and conversely y if aJX^Tf ^^^^ ^ J_L i' ^^ ^ li T (0- 

For the direct theorem, since « JJ. j9, « and /9 can- 
not both be zero. 

Hence, since a}±y, a0 (^7-) = a0 ^ § 622. 

= 1. § 579- 

Therfor «iL^r- §579- 

For the converse theorem, 
since aj±^r, « @ {^f) = i. 

Also a and ^ cannot both be zero. 

For then a and ^i' would be zero, which cannot be, 
since a J_L ^y. 

But a (Z?;-) is a multiple of both a /? and « T'. 

§627. 

Hence, if either «0/? or a 07* were not unity, 
a (/?/') would not be unity. 

Therfor both «0)9 and a07' ar unity. 

Therfor « H /? and a \\ r. 

632. Theorem. If a is prime to each of two or more 
integers )9, 7^, 5, • • •, it is prime to their product ^8 • • • / 
and conversely^ if a is prime to the product ^yd • • •, then 
it is prime to each of those integers (*). 

We hav already proved the theorem for the case of 
two integers. 

Suppose ther ar more than two. 

Then, for the direct theorem, we hav first a\\ Br. 

§631. 

(i)See Tannery, p. 119. 
(2)SeeChrystal, p. 41. 
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Hence, since a i±^T and a]J_d, a ]_[ (fiT)^- § 63 1. 

And so on. 

For the converse theorem, since « JJ. )9 {f^ • • •), 
« li /? and a]±Y8 '" § 63 1. 

Similarly a can be proved prime to each of the 
other integers. 

633. Theorem. If each of the integers a, ^,y^ -->is 
prime to each of the integers ^, /^, v, . . . , the product 
a^y - " is prime to the product X[iv . . . / and conversely ^ 
if the product a^y . . . is prime to the product Xfjv . . . , then 
each of the integers a, ^,y^ -- - is prime to each of the 
integers ^, //, v . . . (^). 

For the direct theorem, we hav first a J_L Xnv . . . 

§ 632. 
Similarly /? JJ_ ^l^"^ • • • 
And so on. 

Therfor a^y •••_!_[ Xp^ • • • § 632. 

For the converse theorem, since a^y • • • JJ. ^jwv . . 
we hav a J_L ^/^v • . . , )9 J_L ^//v . . ., 7* JJ_ XfXi^ . . . , ... 

§632. 
Since a JJ_ X}iv . . . , « JJ. ^> ^ JLL /^* « 1 1 v. « — 
Similarly ^, 7*, . . . ar prime to ^, //, 1^, . . . 

634. Theorem. -5^ « JLL i'* ^^ product of any number 
of cCs is prime to the product of any numier of ^'s ; and 
conversely y if the product of a number of cCs is prim£ to 
the product of a number of ^' j, then a\\ ^. 

This theorem is a particular case of the preceding 



(1) See Dirichlet-Dedekind, p. 9. 
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theorem, the case when a, /?, ;*, . . . ar the same integer 
and k, fi, V, -" ar also the same. 

638. Theorem/ Jf the product a^y "-of two or more 
integers is divisible by a prime integer X, one of the foe- 

m 

tors a, ^, T, " ' must be divisible by X (^). 

For, if none of the factors were divisible by ^, then 
^ 4= I 2md these factors would all be prime to X, 

§§443, 569. 
Hence the product a^y • . . would be prime to X, 

§§ 557, 632. 

Therfor this product would not be divisible by X 
(§ 567)1 which contradicts the hypothesis. 

636. Theorem. If the products of two sets of prime 
positiv integers^ no one of which is unity ^ ar equcd^ the 
two sets ar tlte same, except that the factors may be dif- 
ferently arranged in the two sets. 

Let «, /9, 7*, • • • and ^, //, v, . . . be the two sets. 

Then, since a^y . . . = Xfiv . . . and Xfiv ... is divisible 
by X (§§ 381, 453), a^r-' is divisible by X, § 458. 

Hence one of the integers a, ^, /',•••, say a, is 
divisible by ^. § 635. 

But a and X ar primes and ^ 4= ^ • 

Hence a = ^. § 540. 

Therfor /9^ .. •= //v . . • §§381,341. 

Similarly ^ = f^* 

And so forth. 

Now ther must be the same number of integers in 
the two sets. 



(1) See Tannery, p. 131. 



GREATEST COMMON FACTOR. 20I 

For, suppose ther were not the same number. 
By applying the above method we would, then, 
come to an equality of the form 

^ = pffz • • •, or (^. I = p(n ' . . 

By the same method as befor, we would now get 
I = <Tr • • • 

Hence i would be divisible by <7, an integer greater 
than I, which is impossible. 

Therfor the numbers of integers in the two sets 
must be the same, and the sets ar identical, except 
possibly for the order of their factors. 

This theorem is usually briefly stated : 

A positiv integer can be resolvd into positiv prime 
factors in only one way (^). 

637. The representation of numbers by products 
of prime factors is a very useful artifice in many prob- 
lems. Various operations ar renderd easier by this 
means and many properties of numbers ar made more 
evident (^). 

We will giv a few illustrations. 

638. Theorem. If two or more positiv integers ar re- 
solvd into prime factors^ tfieir product^ resolvd into 
prime factors, will contain every distinct prime factor 
that is in either of the given numbers ; if any prime fac- 
tor occurs in only one of the given numbers, it will oc- 

(i)See K. F. Gauss, ** Disquisitiones Arithmeticae,** 1801, p. 9; 
Chrystal, p. 44 ; Tannery, p. 132. 
(*) See Tannery, p. 134. 
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cur the same number of times as a factor in the prod- 
uct; if any prime factor occurs in two or more of the 
given numbers y the number of times it will occur as a 
factor in the product will be the sum of the numbers of 
times that it occurs as a factor in these numbers (^). 
Let the given positiv integers be v^, Vj, 1^3, •• • 
When resolvd into prime factors suppose 
if^=z(^(ma "*ay times)(^^^ • • . ^jtimes)(;77 • • • ^^ times)- • • 
Vjss {aaa »* -a^ times)(555 • . . rf^ times) . . ., 
v^^(aaa • - a^ times)(777' ---c^ times) . . •, 

The product of the given integers may then be 
written : 

{aaa - -a^ times)(^j9^ - *-b^ times)(777 • • • ^^ times) • • • 
X {aaa - - a^ times)(555 "d^ times) . . . 
X {aaa ' -a^ times)(;77 - c^ times) • • • 

X §384- 

Since all the factors here written ar prime, this ex- 
pression is the same as the expression for the product 
of the given numbers when it is resolvd into prime 
factors. § 636. 

From its form it is evident that this expression con- 
tains every distinct prime factor that is in either of 
the given numbers. 

Also that any prime factor, as d, which occurs in 
only one of the given numbers occurs the same num- 
ber of times as a factor in the product. 



(1) See Tannery, p. 134. 
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' And that the number of times that any prime factor 
which is common to two or more of the given numbers, 
as «, occurs in the product is the sum of the numbers 
of times that it occurs in those numbers. § 37» 

639. A convenient way of arranging the factors of 
the product given in the last article is to place together 
those that ar alike. We will then hav 

^^^i • • • = (aaa . . . (^3:^ + a, + a^ times) 

X (jS^/9 • • • ^1 times) (777 • • • (^1 + ^3) times) 

X (Sb8 " - d^ times) • • • 

640. Theorem. If two positiv integers a and /? be 
resolvd into priine factors^ then, if ol'^ ^^ every prime 
factor that occurs in ^ will also occur in a and the nunt- 
ber of times that it occurs in a will be not less than the 
number of times that it occurs in ^ ; and conversely ^ if 
every prime factor titat occurs in /? occurs also in a a 
number of times not less than the number of times that 
it occurs in ^, a > /? (*). 

To prove the direct theorem, we hav a = fiy. 

The first part of the theorem is now evident from 
the first part of § 638. 

Next let b be the number of times that any given 
prime factor occurs in /9. 

If this factor does not also occur in y, it will occur 
in the product fiy, or in a, a number of times a, which 
is equal to b, by the second part of § 638. 

If this factor occurs also in 7', say c times, it will 



(1) See Legendre, p. 6 ; Stieltjes, p. 12. 
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occur in a a number of times a^ which is equal to 
b -\- Cyhy the third part of § 638. 

In this case a^b. § 75. 

Hence in both cases a^b. 

Therfor ^ < ^. § 129. 

For the converse theorem, we may arrange the 
factors of a so that those which ar common to a and 
P shall come at the beginning, each the same number 
of times that it occurs in /?. § 38 1. 

We then hav a = ^ x other factors. 

Therfor a > ^. 

For example, let a = dde^!^!^ 
and /? = (JCC. 

We may then write a = (5^0 (^<) = K^^O- 

Hence «>/<?. 

641. Theorem. If two positiv integers a and j8 be 
resolvd into prime factors^ then^ if a^ p^ the quotient 
a : ^, resolvd into prime factors ^ will hav every prime 
factor that occurs in a but not in ^ the same number of 
times tliat it occurs in a ; every prime factor that occurs 
the same number of times in a and j8 wUl not appear in 
the quotient ; and every prime factor that occurs in both 
a and ^ but more times in a than in j9 will occur in tlie 
quotient a number of times equal to the difference of 
these numbers of times. 

We hav « = i^r and a : ^ = y. 

Since the prime factors of the product ^y, or a, ar 
obtaind by putting together the prime factors of ^ 
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and Xi all the factors that a has but ^ has not must 
be factors of the quotient y. 

Hence the first part of the theorem is evident. 

The second part of the theorem is true, for, if any 
prime factor occurd in both ^ and fy it would occur 
in the product a a number of times equal to the sum 
of these numbers (§ 638), that is, the number of times 
it occurd in a would be greater than the number of 
times it occurd in /?. § 75- 

To prove the last part of the theorem, any factor 
that occurs in both a and /9, but more times in a than 
in ^ must also occur in 7*. Otherwise it would occur 
the same number of times in a as in /?. § 638. 

If, then, we let the numbers of these times be 
a^ b, c respectivly, a^b '\- c. § 638. 

Therfor c = a ^ b. 

Thus, if a = ^(eee . . . ^ times) {kkk . . . ^^ times) 
and /9 = (eee -- e times) {kkk ---k^ times), 

a > j9 and a : j9 = d{KKK • • • (^1 — k^ times). 

642. We will now study the theory of the greatest 
common factors of series of two or more integers and 
will find the following theorem useful. 

Theorem. T7te greatest common factor of two or more 
integers y of which at least one is not zero, is the same as 
the greatest common factor of those of the given integers 
which ar not zero. 

For every common factor of the integers which ar 
not zero is also a factor of the zero integers. 

643. In virtue of this theorem, when treating of the 
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greatest common factor of a series of two or more 
integers, we will suppose that none of them is zero. 

644. Theorem. If a positiv integer k is a common 
factor of a series of integers a^, a^^ a^, • • • and every 
positiv common factor of a^, a^^ a^, • • • is a factor of /c, 
then K is the greatest common factor of a^, a.^, a^, . • • 

Let X be any positiv common factor of a^, a^, a^y • • • 

Then by the hypothesis k = <pX and X = k : ^, wher 
<p is positiv. 

Now, if p > I, K : <p <^ K, or X <. K, § 493. 

That is, of the positiv common factors the one for 
which <p = I, which is /c, is larger than any other. 

Therfor k is the greatest common factor of 

«P S' S' • • • 

646. Theorem. Having given any series of integers 

^v S» S» • • *> ^n» ^^^^ ^f "^'hich is zerOy if we find the 
greatest common factor k^ of a^ and a^^ then the greatest 
common factor ic^of k^ and a^, then the greatest common 
factor K^ of K^ and a^, and so on, and finally the greatest 
common factor k^_^ of k^__^ and a^, then k^_^ is the 
greatest common factor of a^ a^, a^, • * *> ^n (^)- 

First, to show that k^_^ is a common factor of 

«i» «2' S "y ^n- 

By hypothesis k^ is a common factor of a^ and a^. 

Hence, since k^ is a factor of ^^ 

it is a common factor of a^ and a^. § 460. 

And by hypothesis ic^ is a factor of a^. 

(*)See Chrystal, p. 45; Tannery, p. 115; Le Besgue, p. 32; 
Lucas, p. 345. 
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Hence k^ is a common factor of a^ a^, a^ 

Since /C3 is a factor of /c^, 
it is a common factor of a^ flg* S- 

And by hypothesis k^ is a factor of a^. 

Hence k^ is a common factor of a^ «2> S» ^4- 

Similarly k^_^ is a common factor of a^, a^y a^ • • •, a^. 

Second, every positiv common factor of «„ a^ a^ 
• • •, «^ is a factor of /c^_j. 

For, let ^ be any positiv common factor. 

Then, since ; is a common factor of a, and a^, 
^ is a factor of /c^, § 602. 

Since ^ is a common factor of k^ and ctj, 
^ is a factor of /c^. 

Similarly we can prove that ^ is a factor of k^, 

•'S„e:-5;e„,...,.ac„™.o„fac.,of,.^«,..., 
a^ and every positiv common factor of a^, a^* S» * * '» 
a^ is a factor of k^_^, k^_^ is the greatest common fac- 
tor of a^, «2, Oy . . ., a^. § 644. 

This theorem might be stated : 

Having given any series of integers a^, a^, a^ . . ., a^, 
none of which is zero^ their greatest common factor is 

((K®«2)®«3)0"O®«»- 

646. Theorem. If a^ ^^y ar three integers^ none of 

which is zero, («0iff)®r = «®05®r)- 

By § 645 the first of these expressions is the great- 
est common factor of a, ^, and y. 
So also is the second. 

Fora@(^@r) = O50r)®«. §574. 
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By § 64s (i^ @ r) ® ^ is the greatest common fac- 
tor of j8, Yy and a. 

But this is evidently the same as the greatest com- 
mon factor of a, /?, and y. 

Therfor(a®^)®r=«®05®r). 

This theorem is the Associativ Law for the Operation 

of finding Oreatest Common Factor. 

The proof given above depends on the commutativ 
law. But it could easily be proved independently 
that « @ (i9 ® r) is the greatest common factor of a, 
)9, and y. Then the associativ law would be indepen- 
dent of the commutativ law. 

647. As a consequence of these two laws we can 
easily prove the following theorem, which is analogous 
to the generalized associativ and commutativ law for 
multiplication (§381), and which may be calld the 
Generalized Associativ and Commutativ Law for the 
Operation of Finding Oreatest Common Factor. 

Theorem. In any complex expression in which inte- 
gers ^ none of which is zero^ ar connected by the sign for 
greatest common factor, with parentheses to indicate the 
order in which the various operations ar performd, the 
arrangement of the parentheses and the order of the ele- 
ments may be changed in any way, the result of the 
whole set of operations bei7tg the greatest common factor 
of the series of integers, 

648. Hence we may write the expression 
^® ? ®T®^®^® ' " without parentheses, and 
may write the elements «, )9, 7", ^, e, • • • In any order 
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we please, the expression still denoting the greatest 
common factor of a, )9, f, S, e, ... 

649. Theorem. 1/ a=:^^ r = ^» ^ = C» 7 = ^, • • •, 

This may be proved in the same way as § 384. 

650. As a particular consequence of § § 647, 649 it 
follows that in finding the greatest common factor of 
a series of integers, none of which is zero, we may re- 
place any number of them by their greatest common 
Lor id find the greatest common factor of this 
greatest common factor and the remaining integers ('). 

651. Theorem. If none of the integers a^, a^ a^ ••• , 
a^, e is zero, \9\{a^%a^%a^%...(^a^ 

The proof of this theorem is formally the same as 
that of § 369. 

This theorem is the Generalized Left-handed Distri- 
bntiv Law for Multiplication and the Operation of 
Finding Greatest Common Factor. 

662. Theorem. If none of the integers a^, a^, «3i • • • , 
a^, d is zero, («i0«2® S® * * '00 I ^ I 

This theorem is the Generalized Right-handed Dis- 
tributiv Law for Multiplication and the Operation of 
t'inding Greatest Common Factor. 

653. Theorem. If the greatest common factor of a 
series of integers, none of which is zero, is unity, and 
these integers ar all multiplied by a given integer dif- 

(*) See Tannery, p. 115. 
H 
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ferent front zerOy the greatest common factor of the prod- 
nets is the numerical value of this multiplier ; and con- 
versely ^ if the greatest common factor of the products is 
the numerical value of the multiplier, the greatest com- 
mon factor of the given integers is unity. 

The proof of this theorem is like that of § 60 1. 

664. Theorem. If none of the integers 

«p «2» «3» • • •> «m> h K h'-^K^ ^^^y 

= («A) ® («2^i) ® («a^i) ® • • • ® Mi) 
® K/52) ® («2/?2) ® («a^2)® •• • ® («J32) 
® («i/?3) ® («A) ® («A) ® ••• ®Ma) 

® («A) ® («A) ® («A) ® • • • ® («J5J C). 

The proof of this theorem is like that of § 371. 

This theorem may be stated : The product of the re^ 
spectiv greatest common factors of two series of integers^ 
of which none is zero, is equal to the greatest common 
factor of all the products that can be formd by multi- 
plying an integer of the first series by an integer of the 
second, 

666. Theorem. The product of the respectiv greatest 
common factors of any number of series of integers , of 
which none is zero, is equal to the greatest common factor 
of all the products that can be formd, each having as a 
factor one and only one integer from ecu:h of the given 
series. 



(') See Stieltjes, p. 3. 
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The proof of this theorem is formally the same as 
that of § 389. 

666. Theorem. If none of the integers a^, a^* S» * " 
is zero and they ar all divisible by an integer dy then 
a^0a^®a^@...:^0 and {a,@a^@a^0. . •) : \d\ 

= K:/?)®(S:<>)®K:<')®---C> 

This theorem is proved from § 652 just as § 602 is 

proved from § 599. 

This theorem is the Generalized Distributiv Law 

for Division and the Operation of Finding Greatest 

Common Factor. 

657. Theorem. If all of a series of integers ^ none of 
which is zero, ar divided by their greatest common fac- 
tor , the greatest common factor of the quotients will be 
unity ; and conversely, if, when all of a series of integers, 
none of which is zero, ar divided by a given integer, the 
greatest common factor of the quotients is unity ^ the 
numerical value of the given integer is the greatest com- 
mon factor of the given series of integers. 

The proof of this theorem is like that of § 603. 

658. This theorem is equivalent to the following : 
Theorem. Having given a series of integers a^, a^, a^ 

• '-; if none of these integers is zero and k is their greatest 
common factor, ther exists a series of integers y^, X^tTv" 'y 
none of which is zero and whose greatest common factor 
is unity, such that a^ = y^K, a^ = yjc, a^ = yjc, • . . / and 
conversely, ifa^^=^ y^ic, a^ = yjc, a^ = yjc,^ . . . , wher none 
of the integers k, y^, y^, Ty -- - is zero and the greatest 

(*)See Stieltjes, p. 2. , 



212 INTEGERS. 

common factor ofy^, y^y Ty*" isuntty, then k is the greatest 
common factor of o^, a^, S» * * * 

669. Theorem. The common factors of a series of 
integers y none of which is zero^ ar the same as the fac- 
tors of their greatest common factor ('). 

660. Theorem. If two of the integers a^, a^, a^ • . ., 
none of which is zero, ar prime to each other ^ the great- 
est common factor of the series is unity. 

To find the greatest common factor of 4he series of 
integers, we can arrange them as we please. § 647. 

Call, then, the two that ar prime to each other a^ 
and a^ 

Now, since «i JJ. «j, «i ® «2 ~ '• 
Thenai@aj®a30...= («i®a2)®(a3®...) 

§647. 

-i®(«3®-) §583. 

= I. § 577. 

661. Theorem. If two of the integers a^, a^, a^ - . •, 

none of which is zero, ar prime to each other ^ ayid is 
any integer except zero, then 

This follows immediately from the preceding the- 
orem and § 653. 

662. Definition. A series of two or more integers 
ar prime to each other two by two (^), when each of 
these integers is prime to each of the others. Thus 
2, 5, 9 ar prime to each other two by two. 

(1) See Tannery, p. 112. 

(2) See Chrystal, p. 38 ; Tannery, p. 117, 
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When two integers ar prime to each other, their 
greatest common factor is unity, and the converse is 
true (§579). 

When three or more integers ar prime to each 
other two by two, their greatest common factor also 
is unity (§ 660), but the converse is not always true. 

Thus the greatest common factor of 3, 5, 9 is 
unity, but these integers ar not prime to each other 
two by two, two pairs, 3 and 5, 5 and 9, being prime to 
each other, but the third pair 3 and 9 not being prime to 
each other. 

Again the greatest common factor of 6, Y, 5 is 
unity, but no two of these integers ar prime to each 
other. 

The statement that " When three or more integers 
ar prime to each other two by two, their greatest 
common factor is unity '* is not, then, a complete an- 
alog of § 579. 

We will, however, deduce in § 666 a theorem which 
is a complete analog of § 579, a theorem which is 
true of a series of integers and which includes that of 
§ 579 as a particular case. 

663. Theorem. If v > ^a^, p>0a^ ^>Oa^y •••, 
V > da^, and the integers a^ a^y a^, • . •, a^ ar prime to 
each other two by two, then v > da^aji^ • • * "n ^^ 

^\ • I^«i«2«3---«hI = (*^ :^«i)®(*^ : ^S) ® (^ • ^S) 
. . @ (v : ^aj, provided v is not zero ; and con- 
versely, tf P> Oa^a^a^ . . . a^ then v > Ocl^, v > Oa^, 
^>0a^, '-y ^> 0%, and, if | v | : | da^a^a^ ... a 
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then the integers a^ a^, a^, . • ., a^ ar prime to each other 
two by two. 

For the direct theorem, 
since v > da^, v > 6a^, and a^ Jl «2» ^ ^ ^"iS 

and I ^ I • I ^«iS I = (*^ • ^S) ® (^ • ^S)- § ^2^- 

That is, the theorem holds for two integers. 

To prove it in general, suppose that it holds for k 

integers, wher 2 ^ ^ < w. 

That is, we hav given v >► da^ajoL^ * * * S ^^^ 

I V I : I Oa^a^a^ . . . a J = (v : ^a,) @ (v : ^a j ® (^ : ^^a) 

Then ai«2a3 •••^11 S+r § ^3 2. 

Hence v >- 0{a^a^a^ - • . «J«;fc+i and 

= (v : ^(«i«2«3 • • • s)) ® (^ • ^S+i) § 628. 

= (I V I : I da^a^a^ • • -^D® (^ • ^«*+i) § S8o. 

= (^:^«i)®(^:<^«2)®(^:<'«3)®-- 

® (v : <?« J ® (v : <?a,^0. §583. 

Hence, if the theorem holds for k integers, it holds 

also for k + I. 

Therfor by the law of induction it holds for n integers. 

For the converse theorem we hav given 

Hence v > 0a^, v > 0a^, v > l^flg, . , ,, v > 0a^. 

§460. 
Hence also v = lOa^a^a^ * * * ^n» wher A 4= o* 
Therfor v : da,a^a^ ... a = X 

12 3 n 
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and v:da^ = Xa^a^ . . . a^^^a^, 



V : Oa^ = Xa^a 



•  « /y /z 

2 n-1 n» 



Hence 

(v : <?«,)®(v : <?a,)®(v : <?«,) ® • • • ® C^* = <^«J 

= (-iS"* • • • «.-!«») ® (^«i«» • • • «,-!«») 

® (^«l«2 • • • ««-!«.) ® • • • ® (^«l«2«3 • • • ««-l) § 649- 
= 1^1 [K«S • • • ««-l«n) ® («1«3 • • • «n-l«n) 

{a^a^ . . . «,_!«,) • • • («,«,«, • • • a,_i)] • §651. 
But we hav given also 

I V I ! OoC (Z (I • • • fit I 

Hence | ^ | = | A | [(0,0, • • • «,_!«,) (a^a^    a^_^a^) 
(a^a^ . . . a^i«J • • • («,«,«, • • • «._,)] . 
Therfor 

(«2«S • • • ««-!««) ® { («l«S • • • «»-!«») ® («lS • • • «»-l«n) 

®--®(«I«2«S- ••««-!)}= I- 

Or 

(«2«3 • • • «.-!««) ® { I «1 I [(«» • • • ««-!««) ® (« 2- • • ««-!««) 

®"-®(«2«S"'«.-l)]}= I- 

That is, 
«2«» • • • «,.-i«»iL I «i |[(«3 • • • «,-i««) ® («2 • • • «,-l«,) 

®"-®(«2«s-- •««-!)]• §579- 
Therfor a^a^ •• •a^_^a^\±a^. § § 63 1 , 5 6 1 . 

Therfor a^ is prime to each of the integers o^, a,, • • •, 
«-i. «»• §632. 
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Similarly it may be shown that each of the integers 
«2> S' • "» ^n ^^ prime to each of the other integers. 

That is, «i, a^, a^, ...,«„ ar prime to each other two 
by two. § 662. 

664. Theorem. Jf v > a^, v > a^, *^ > «3» ' * » 
and the integers a^, a^, a^, ... ar prime to each 
other two by two, then v > «i«2S * * * ^^^ 

I J. I : I a^a^a^ "• • • I = (^ • «i) ® (^ • S) ® (^ = ^3) ® * * *» 
provided v is not zero; and conversely^ if 
p > a^a^a^ . . ., then v > a^, v > a^, v >a3, . . ., and, if 

I V I : I «,«2«3/ • • I = (^ : «i)® (^ : S)® (^ • S)® • • •> 
/A^« ^//^ integers a^, ag* S» * * * ^^ prime to each other 
two by two (^). 

This theorem is a particular case of the preceding, 
the case when ^ = i . 

665. Theorem. If v = Oa^a^a^^ - . and the 
integers a^, a^, ^^t - • ' ^^ prime to each other two by 
two, then v > ^a^, v > da^, v > 6a^, . . -, and 
(y : Oa^ @ (v : da^ @ (v : ^ttg) @ . . . = \, provided none 
of the integers 0, a^, a^, «3, • • • ^^ zero ; and conversely, 
if (v : Oa^®{y : 0a^)®{i^ : ^^s) ® * •' = i. ^^' 
integers «j, ttg* S> • • * cir prim£ to each other two by two. 

This follows immediately from § 663. 
For, if V = Oa^a^a^ • . ., then v >► ^a^, v >. (^a^* 
V > Oa^, . . ., V > da^aji^ . . -, and v : Oa^aji^ . . . = i. 

666. Theorem. If v = cl^olji^ . . . and the integers 
a^, a^, a^r ' ' ^^ prime to each other two by twOy 
then (v : a^ ® (i^ : s) ® ('^ ^ S)® * * • = ^ 

(^) See Tannery, p. 120. 
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provided none of the integers Aj, a^, «3, • • • 
is zero; and conversely^ if v == a^aji^-* - and 

(v : aj @ (v : «2) ® (*^ • S) ® ' • * == i> ^^^^ integers 
ttp a^ «3, • • • ^'^ prime to each other two by two. 
This theorem might also be stated as follows : 
If the integers a^, a^, otg, . • • , a^, none of which is 
zero, ar prime to each other two by two, the greatest 
common factor of the n products that can beformd, each 
containing all but one of these integers, is unity ; and 
conversely, if the greatest common factor of these n 
products is unity, the given integers ar prime to each 
ot/ter two by two. 

For, if V = a^a^a^ , v : a^ = a^S * * • » 

This theorem is the analog of § 579 mentiond in 
§ 662: 

It contains § 579 as a particular case. 

For, if V = a^a^, v ; a^:= a^ and v : a^ = a^. 

Thus we hav from this theorem that, if a^ 1 1 «g, 
flj @ ttj = I, and conversely. 

The reason is now apparent why, in order that a 
series of n integers, when n> 2, may be prime to 
each other two by two, it is not sufficient that their 
greatest common factor shall be unity. The greatest 
common factor of the n products, each containing all 
but one of the integers, as above, must be unity. 

But when « = 2, the n products ar the integers 
themselves, so that the two conditions ar the same. 

667. Theorem. If icis the greatest common factor of 
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the integers Aj, a^, flj, • • • , a„, «^/^^ ^ which is zero^ a 
series of integers ^^ X^^ ^3, • • • ^^ ^^« ^^ founds such 
that 

For, let K^ be the greatest common factor of a^ and 
Oj, ^Cg of K^ and 03, etc. 

Then k^ = v^Oj + f ^a^* 

'^S = *'S^2 + f 3«4» 

• • • • • • y 

^„_1 = Vl^n-2 + d«»- 

§610. 

From the first two of these equalities 

^^2 = *'2(*'l«l + f iS) + ^2«3 = Vl«l + ^^2^ 1«2 + f 2«8- 

Combining this with the third, we get 

^^3 = *^3Vl«l + ^3*^2^ 1«2 + ^3^2^ + ^ 3«4- 

By examining this formula, we see that it is a 
particular case of the formula 

the case when /= 3. 

Similarly the formulas for k^ and k^ ar particular 
cases of the latter formula. 

We will now show that this formula holds for all 
values of / from i up to « — i. 

Suppose that it holds for some particular value /, 
wher o </<« — I. 

(1) See Gauss, p. 33. 
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Then, since tc^^^ = v^^^ k^ + f ^^^ a^^g, we hav 

+ ^Z+l^/^/-l«l + ""l+l^l^l+l + f /+ A+2- 

But this is the same as the formula for k^ with / + i 
put in place of /. 

If, then, the formula for /c^ holds for any particular 
value of /, it holds for the next. 

Hence, since we hav shown that it holds for the 
values I, 2, 3, by the law of mathematical induction 
it holds for all values of / from i up to the last value 
« — I. 

We hav, then, finally 

/C,-l = i^^-i^^-2' • • J^aVl^l + '^«-l*^«-2- • • *^3'^2f l«2 

+ ^«-l^n-2- • •*'3f2«3 + • • • + *^,-iV2C3«n-2 

+ *'n-lC2«n-l + d«n- 
But K_. = K. 

Hence, setting X^ = ViV,_j- • • v^^^, 

^i — *^n-l n-2 ^S*V 

9 

we hav /e = i^a^ + X^a^ + k^a^ + • • • + ^^a^. 

668. Theorem. Jf unity is the greatest common 
factor of a series of integers a^, a^, «3, • • • , «^, none of 
which is zero, another series of integers A^, X^^ X^, "'t ^n 
can be founds such that 

X^a^ + X^a^ + X^a^+ '" + X^a^ = i. 
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669. Tbeorem. If aj + a2 + «3+"'=^> ^^^^ 



"iv>9SQ9S(>^*"= ^• 



This is proved in the same way as § 612. 

670. Theorem. If a^ + a^ + aj + . . . = i attd j9„ 
?v ?z> '*' ^^ factors of a^, a^ a^^ ... respectivly^ then 

671. Theorem. If \a^ + l^a^ + X^a^ +...=: i, the 
greatest common factor of any series of integers taken 
one from each of the groups X^ and o^, \ and a^, X^ and 
flj, . . . ij unity, 

672. Theorem. 

If Vl + V2+^3«8+ ••• = «1®«2®«3®---' 

then ^i®^2®^3® •••= ^* 

This is proved in the same way as § 616. 

This theorem may also be stated : In whatever may 

the greatest common factor of a^, a^, a^, ... is exprest in 

the form X^a^ + X,f.^ + X^^ + • • •, the greatest common 

factor of X^y X^, X^, -- * is unity. 

673. Theorem. If k is the positiv integer which has 
as prime factors all the prime factors that ar common to 
a series of positiv integers^ and which contains each 
prime factor a number of times equal to the least num- 
ber of times that it occurs as a factor in the given in- 
tegers^ then K is the greatest common factor of those 
integers. 

First, since each of the given integers contains every 
prime factor that occurs in #c a number of times not 
less than the number of times that it occurs in k, k is 
a common factor of the given integers. § 640. 
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Now let X be any positiv common factor of the given 
integers. 

. Then every prime factor of X must be common to 
the given integers and must occur in A a number of 
times not greater than the number of times that it oc- 
curs in any one of the given integers (§ 640), and 
hence not greater than the least number of times that 
it occurs as a factor in the given integers. 

Therfor every prime factor of X occurs in ^ a num- 
ber of times not less than the number of times that it 
occurs in X. 

Hence ^ is a factor of #c. 

Since, therfor, #c is a common factor of the given 
integers and every positiv common factor is a factor of 
K, K is the greatest common factor of the given integers. 



CHAPTER IX. 



LEAST COMMON MULTIPLE. 



674. Definition. A common multiple Q) of two, or 
more, integers is an integer that is a multiple of each 
of them. 

Thus zero is a common multiple of any two, or 
more, integers, none of which is zero ; the product of 
two, or more, integers, none of which is zero, is a 
multiple of each of them ; also their product multi- 
plied by any factor. 

676. Let a, p, Y, ... be any two, or more, integers, 
neither of which is zero, and X any integer not zero. 
Then Xa^y ... is a common multiple of a, ^,7-, ... 
Now of all the values of Xa^y . . . obtaind by giving X 
various values the numerically smallest ar those for 
which 1^1=1. For, 

if Ml>i, |^«/5r---l>|«^r---|. §406. 

Ther may be common multiples of «, j9, Z', • • • which 
ar numerically greater than a^y . . ., but which ar not 
multiples of a^y - « • Thus 9 x 4, or 6 x 6, which is 
greater than 4 x 6, is a common multiple of 4 and 6, 
but is not a multiple of 4 x 6. 

Moreover ther may be common multiples of a, ^, 

(*) See Stieltjes, p. 2 ; Tannery, p. 121. 

222 



LEAST COMMON MULTIPLE. 223 

7-, • • • numerically less than the product a^y • • • Thus 
3 X 4, or 2 X 6, which is a common multiple of 4 and 
6, is less than the product 4x6. 

676. The number of positiv integers not greater 
than I a^x • • • | is | a^y • • • j. Hence the number of 
positiv common multiples of «, /?, ;*, • • • not greater 
than I a^x • • • | is not greater than | a^y • • • |. It is, 
therfor, limited. Of these multiples any one is less 
than any positiv common multiple greater than 
I a^y • • • |. The smallest of them is therfor the small- 
est of all the positiv common multiples of a, ^, y, ... 
It is calld the least common multiple of a, ^, f, ... 

Definition. The least common multiple of two, or 
more, integers, none of which is zero, is the smallest 
of the positiv common multiples of those integers. 

677. If we had defined the least common multiple 
of a set of integers as the numerical value of the 
numerically smallest of their multiples, the least com- 
mon multiple of any set of integers would be zero. 

The idea of least common multiple would not, then, 
be anything new. The idea as defined above, how- 
ever, is a new and useful idea. The least common 
multiples of different sets of integers ar not always the 
same, as may be seen by taking a few examples. 

It is to be noted also that the least common multi- 
ple is not defined except for a set of integers, none of 
which is zero. This is in accordance with the restric- 
tion of § 427. 

678. Theorem. If a positiv integer fx is a common 



224 INTEGERS. 

multiple of a series of integers a^, a^, a^ • • • and every 
positiv common multiple of a^, a^, a^ - "is a multiple of 
fi, then [JL is the least common multiple of a^, a^, a^ ... 

Let V be any positiv common multiple of a^, a^y S» * * ' 

Then by the hypothesis v = (pii, wher (p is positiv. 

Now, if ^> I, (pix'> fi, orv>//. 

That is, of the positiv common multiples the one 
for which ^ = i, which is //, is less than any other. 

Therfor // is the least common multiple of a^ a^, 

679. We will denote the least common multiple of 
two integers a and /9 by the symbol a X ^3, which may 
be read "a mul /?.'* The symbol a X ^ will, then, 
be univalent, if neither a nor ^ is zero. The symbols 
a X o, o X «, and o X o will, however, be meaningless. 

The integers a and /9 may be calld the elements of 
the least common multiple « X /5. 

680. Operation of Finding Least Common Multiple. 
The least common multiple of two integers, neither 
of which is zero, is found by choosing the smallest 
among a given limited set of integers. It is therfor 
found by an operation. 

681. Theorem, a X i? = i? X «, provided neither a 
nor /? is zero. 

The proof is like that of § 574. 
This theorem is the Commntatiy Law for the Opera* 
tion of Finding Least Common Multiple. 

682. Theorem. If a>/9, «Xi9=|«|, frovided 
neither a twr /? is zero. 
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The proof is like that of § 575. 

683. Theorem, a x « = | « |, provided a is not zero, 

684. Theorem. « X i = | « |, provided a is not zero, 

685. Theorem. 

(- «) X ^ = « X (- ^) = (-« ) X (- ^) = « X A 

provided neither a nor ^ is zero, 

686. Theorem. If a= ^, a^y^ ^ "^y, provided 
neither ^ nor y is zero, 

687. Theorem. If a = fi, rX« = rXi3, provided 
neither ^ nor y is zero, 

688. Theorem. If a = ^ andy = d,aXr = ^ ^^y 
provided neither ^ nor y is zero, 

689. As the least common multiple of two integers 
is an integer, we may combine it with other integers 
by any of the signs +, — , x, :, @, X ; provided, 
first, that the first element of every quotient is divis- 
ible by the second ; second, that of two integers con- 
nected by the sign @ not both ar zero ; and third, that 
of two integers connected by the sign X neither is 
zero. We will use parentheses to indicate the order 
in which the various operations ar performd. 

Every such expression is univalent. For every 
sum, difference, product, quotient, greatest common 
factor, and least common multiple is univalent. 

690. Theorem. If for one or more elements of a com- 
plex expression which contains integers connected by any 
or all of the signs -f-, — , X , :, ®, X OLnd in which, 
firsts the first element of every quotient is divisible by 
the second element y second^ of two integers connected by 

15 
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ttu sign @ not both ar zero^ and thirds of two integers 
connected by the sign X neither is zero, equal integers 
ar substituted, the complex expression is unchanged, 

691. Theorem. « X i? = | «i9 1 : (« ® ^9), provided 
neither a nor j9 is zero (^). 

Since neither a nor /? is zero, | «/9 1 is positiv. 

Hence | «iS | : (a @ /9) is positiv. 

Moreover \a^\\ (a®^) =| « | ( | i? | : («® i^)) § 468. 

= (|«|:(«®/?))|^|. §467. 
Therfor | «i9 1 : (a ® jS) is a common multiple of | a | 

and I j9 1, and hence of a and jS. 

Moreover every common multiple of a and ^ is a 
multiple of I a)9 1 : (a @ ^). § 630. 

Therfor | «/? | : (a @ ^9) is the least common multiple 
of a and ^. § 678. 

By means of this theorem the least common mul- 
tiple of two integers, neither of which is zero, may be 
easily found when their product and greatest common 
factor ar given Q. 

692. Theorem. Any common multiple v of two in- 
tegers a and ^ is a multiple of their least common 
multiple. 

If V is zero, the theorem follows from § 444. 

If V is not zero, »^ > | «i9 1 : («@^). § 630. 

And |«^|:(«®/?) = «Xi8. §691. 

Hence ^>olX ^' 

(') See Le Besgue, p. 34 ; Tannery, p. 122. 
(*) See Stieltjes, p. 4. 
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693. Theorem. The common multiples of two integers 
or the same as the mtdtiples of their least common mul- 
tiple Q), 

For, by § 460, every multiple of the least common 
multiple is a multiple of each of the given integers. 

And, by § 692, every common multiple of the 
given integers is a multiple of their least common 
multiple. 

Hence the two groups of multiples, first the com- 
mon multiples of the two integers and second the 
multiples of their least common multiple ar the same. 

694. Theorem. (a X i9)(« ® i^) = | a^ |, provided 
neither a nor j9 is zero. 

This follows easily from § 691. 

As a consequence of this theorem ther is a reci- 
procity or duality (^) between the theories of greatest 
common factor and least common multiple. It will 
be found that many theorems in these subjects ar still 
true when the terms " greatest common factor " and 
** least common multiple ** ar interchanged. 

695. Theorem. a @ ^ = | a /9 | : (a X /?), provided 
neither a nor ^ is zero. 

By means of this theorem the greatest common 
factor of two integers, neither of which is zero, may 



(^) See Tannery, p. 122. 

(*) See L. Cremona, "Elements de G6om6trie Projective,'* 1872, 
English translation, "Elements of Projective Geometry," 1885, by C. 
Leudesdorf, p. 26 ; Beman and Smith, ** New Plane and Solid Geom- 
etry,'* 1 901, p. 27. 
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be easily found when their product and least common 
multiple ar given. 

696. Theorem. 

If V is a common multiple of a and fi, then 

[(V : a) X (v : ^)] [(v : a)® (v : ^)] = | vv | :\a^\, 
provided v is not zero. 

For [(v : «) X (v : ^)] [(v : «) ® (v : /9)] 

= |(v:«Xv:^)| §694. 
=|H:(«i9)| §466. 

=|vv|:|«^|. §496. 

697. Theorem. 

If V is a common multiple of a and ^, then 

(a X ^)[.(v : a)(^{v : ^J] ™ | v |, provided v is not zero. 

By § 630, I V I : ( I a^ I : (a /9)) = (v : a) ® (v : ^). 

But |a^| :(a@^ = aX/3. §691. 

Therfor I "I : (« X /?) = (v : a)@(v : ^). 

Or («X^)[(v:«)®(v:^)]=|v|. 

This theorem includes § 694 as a particular case. 
For, if V = a^, v : a = /9 and v : ^ = a, 

698. Theorem. If v is the least common mtdtiple of 
the integers a and /?, then (j^ : «) @ (v : )9) = i / ^;^^/ 
conversely y if the positiv integer v is a common multiple 
of the integers a and )9 and {y : a) ® (v : )9) = i, then v 
is the least common multiple of a and )9. 

Both parts of the theorem follow easily from § 697. 

699. Theorem. If v is a common multiple of a and 
^, then (a®^) \{y : «) X (i^ : ^)] = | v |, prcwided v ts 
not zero. 
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For 
(« X i8){(«® ^[(v : «) X (v : iS)] ] [(v : «) ® (v : ft)] 
= {(«X^(«®/9)} 

X { [(v : «) X (v : ^)] [(v : a) ® (v : ;9)] } §381. 
= |«^|X (|vv|:|a^|) = |vv|. §§694,696. 

Moreover 

(« X /3){(«®^)[(v : «) X (V : /3)] } [(V : a)® (V : ^)] 

x{(«Xi9)[(v:«)®(v:^)]} §381. 

= ((«®^)[(>':«)X(v:^)]}lv|. §697. 

Hence {(a® i9)[(v : «) X (v : ^9)] } | v | = 
Therfor (a ® ^) [(v : a) X (v : /&)] = 

700. Theorem. //a\}_^, aX)5=|«i9|, provided 
neither a nor ^ is zero, and conversely. 

This follows easily from §§ 579, 691. 

701. Theorem, (a/9) x («r) = | « 1 (y9 X r). provided 
neither a, ^, nor y is zero. 

For (a^) X («r) = I («^)(«r) | : ((«^)®(«r)) § 691. 

=(l«ll«IIA'|):(l«|(^®r)) 



VV 
V 






):(^®r) §457. 

:(^®r)) = l«|(^xr). §§468,691. 

This theorem is the Left-handed Distributiy Law for 
Multiplicatioii and the Operation of Finding Least Com- 
mon Multiple. 

702. Theorem, {ay) X 0?r) = (« X /?) | r |» provided 
neither a, j9, nor y is zero. 

This theorem is the Kight-handed Distribntiv Law 
for Multiplication and the Operation of Finding Least 
Common Multiple. 
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708. Theorem. ^ jS U r, («^) X («r) = I ^i^T |, pro- 
vided neither a, /?, nor y is zero. 

For («^)x(«r)=|«|(^xr) §701. 

= l«l|^rl = |«/'r|. §700. 

704. Theorem. Ifa^y and ^ > r, then aX P>r 
and (a X ^ * I T I = ( ^ : r) X (/? : r)> Pro^nded neither 
a nor ^ is zero. 

This theorem may be proved in the same way as 
§ 602, or it may be proved from § 602 by means of 
§ 691. 

This theorem is the Distribntiy Law for Division and 
fhe Operation of Finding Least Common Multiple. 

705. Theorem. If 0\l^, («») X )» = (« X iS) | ^ |, 
provided neither a, ^, nor d is zero. 

This may be proved from § 625 by means of § 691. 

706. Theorem. If a > tf and ^11)9, then 
(a : ^) X ^ = (« X i^) : I ^ |, provided neither a nor ^ is 
zero. 

This may be proved from § 626 by means of § 691. 

707. Theorem. Having given any series of integers 

^p S» S» * • * > ^n» ^^''^ ^f ^^^ ^ zero^ if we find the 
least common multiple (i^ of a^ and a^, then the least 
common multiple fi^ of fi^ and a^, then the least common 
multiple fx^ of fi^ and a^, and so on, and finally the least 
common multiple (x^^^ of ii^__^ and «^, then ii^_^ is the 
least common multiple of a^, a^, a^, . . . , a^ Q), 

First, to show that /i^,_j is a common multiple of 

«P S» ^v ''y ^«- 



(1) See Tannery, p. 122 ; Lucas, p. 345. 
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By hypothesis //j is a common multiple of ol^ 
and a^. 

Hence, since ft^ is a multiple of /z^, 
it is a common multiple of a^ and a^. § 460. 

And by hypothesis fi^ is a multiple of a^. 

Hence //g is a common multiple of Aj, a^, a^ 

Since //j is a multiple of //g* 
it is a common multiple of ttj, a^^ a^ 

And by hypothesis fi^ is a multiple of a^. 

Hence /i^ is a common multiple of a^, a^, a^, a^. 

Similarly /i^^_^ is a common multiple of a^, a^^ a^, 

• • • , a . 

Second, every positiv common multiple of a^, a^, a^, 

• • • , a^ is a multiple of //^_j. 

For, let V be any positiv common multiple. 

Then, since v is a common multiple of a^ and a^, 

V is a multiple of /z^. § 692. 

Since' v is a common multiple of [x^ and a^, 

V is a multiple of [jl^. 

Similarly we may prove that v is a multiple of 

/^3» l^v '" > t^n-V 

Since, then, [x^_^ is a common multiple of a^, a^, a^ 
• . • , a^ and every positiv common multiple of a^, a^, 
S» • * • ' "n ^s ^ multiple of //^_p //^_j is the least com- 
mon multiple of a^, a^, a^, • • • , a^. § 678. 

This theorem might be stated : 

Having given any series of integers «j, a^, ^3, . . ., a^, 
none of which is zero^ their least common multiple is 

((Kx«2)x«3)x--0x«„. 
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It will be noticed that this theorem and its proof ar 
identically the same as those of § 645, except that the 
words "least" and "multiple" replace "greatest" 
and "factor" respectivly, the letter // replaces ^, cind 
the symbol X replaces @. 

708. Theorem. If a^ ^^y ar three integers, none of 

which is zero, (ol X ^) X T = ^ ^ {^ X f)- 
The proof is similar in form to that of § 646. 
This theorem is the Associativ Law for the Opera- 
tion of Finding Least Common Multiple. 

709. As a consequence of this theorem and that 
of § 68 1 we can prove the following theorem, which 
is analogous to that of § 647 and which may be calld 
the Generalized Associativ and Commutativ Law for the 
Operation of Finding Least Common Multiple. 

Theorem. In any complex expression in which inte- 
gers, none of which is zero, ar connected by the sign for 
least common multiple, with parentheses to indicate the 
order in which the various operations ar performd, the 
arrangement of the parentheses and the order of the ele- 
ments may be changed in any way, the result of the 
whole set of operations being the least common multiple 
of the series of integers (*). 

710. Hence we may write the expression 
dX^XyX^X^X'" without parentheses, and 
may write the elements a, /9, 7^, 5, e, • • • in any order 
we please, the expression still denoting the least 
common multiple of a, ^, y, d, e, • • • 

(1) See Le Besgue, p. 34. 
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711. Theorem. If a = ^, r = ^> « = C> 7 = ^, • • •, 
then aXrXeX??X '"=^ ^ X S X C X -- 

This may be proved in the same way as § 649. 

712. As a particular consequence of §§709, 711 
it follows that in finding the least common multiple 
of a series of integers, none of which is zero, we 
may j-eplace any number of them by their least com- 
mon multiple and find the least common multiple 
of this least common multiple and the remaining 
integers Q. 

713. Theorem. If none of the integers a^y a^^ a^ • • • , 
a^, is zerOy 

I ^ 1 K X «2 X «3 X • • • X « J 

= (<?«,) X (»s) X (<?«3) X • • . X (<?«J C). 

The proof of this theorem is formally the same as 
that of §651. 

This theorem is the Generalized Left-handed Dis- 
tribntiv Law for Multiplication and the Operation of 
Finding Least Common Multiple. 

714. Theorem. If none of the integers a^, a^ a^ "- , 
a^y is zerOy 

(ttiX^X^X •••X«J|^| 

= K^) X K^) X («3^) X • • • X M). 
This theorem is the Generalized Eight-handed Dis- 

tribntiv Law for Multiplication and the Operation of 

Finding Least Common Multiple. 

715. Theorem. If none of the integers a^, a^, flj, • • • , 

^m > A> K h ' "f^^^ ^^^^y 

(*) See Tannery, p. 123. (2) See Tannery, p. 124. 
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(«,Xa,XSX •••X«J(AX^,X^3 X ••• X iSJ 
= {aA) X («s^,) X {a^d X • • • X («^,) 
X (a,/?^) X (aA) X {aA) X • • • X (a^/SJ 
X {a A) X («A) X («3/3,) X • • • X (aj^ 

X 

X (« A) X («A) X («A) X • • • X MJ C). 

The proof of this theorem is like that of § 654. 

This theorem may be stated : The product of the 
respectiv least common multiples of two series of integers ^ 
of which none is zero, is equal to the least common 
multiple of all the products that can be formd by mul- 
tiplying an integer of the first series by an integer of 
the second, 

716. Theorem. The product of the respectiv least 
common multiples of any number of series of integers , 
of which none is zero, is equal to the least common mul- 
tiple of all the products that can be formd each having 
as a factor one and only one integer from each of the 
given series. 

The proof of this theorem is formally the same as 
that of §655. 

717. Theorem. If none of the integers a^, a^, «3, • • • 
is zero and t/iey ar all divisible by an integer d, then 

«i X «2 X «3 X • • • > ^ ^^ 

= ia,:0)X K: 0)X(a^:O)X ••• 
The proof of this theorem is formally the same as 

that of § 656. 

( >) See Stieltjes, p. 3. 
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This theorem is the Generalized Distribntiv Law for 
Division and the Operation of Finding Least Common 
Multiple. 

718. Theorem. The common multiples of a series of 
integers a^, a^ a^ * • *> ^« ^^ l^^ same as the multiples of 
their least common multiple (^). 

For, let //p //j, //g, • • •, //^_j be the series of least 
common multiples found as in § 707. 

Then the common multiples of a^ and a^ ar the 
same as the multiples oi (i^. § 693. 

The common multiples of (i^ and a^ ar the same as 
the multiples of //g- 

Hence the common multiples of a^ a^, a^ ar the 
same as the multiples of (jl^. 

Similarly the common multiples of a^, a^, a^y a^ ar 
the same as the multiples of fi^. And so on. 

Finally the common multiples of flp a^y a^, ' • •> ^» 
ar the same as the multiples of /^„_i, which is the least 
common multiple of a^, a^, a^, • . ., a^. 

719. Theorem. If v is a common multiple of the 
integers a^, a^^ S * * * » ^n» ^^^^ 

= I V |, provided v is not zero (^). 

By § 697 K X «2) [(^ : "OQC*^: S)] = IH- 
That is, the theorem holds for two integers. 



(i)SeeP. Barrieu, Mathesisy Vol. III., 1883, p. 217; Stieltjes, 
p. 2. 

(2) See Barrieu, p. 217. 
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To prove it in general, suppose that it holds for k 
integers, wher 2^k <.n. 
Then we hav 

(a, X S X «, X • •• X «») 

X [(v : a,)®(v : a,)@(v : «,)® ' • •® C** : «»)] 

= |v|. 



Hence (v : aj ® (v : a^ ® (k : aj • • • ® (v : aj 

= I V I : («! X «, X «3 X •• • X «*)• 
Hence 

{v : a,)®(v : a^@(i' : «j)® • • ©(v : ai)@(v : «„.,) 

= (lv|:(a, X«,XsX"-Xs))®(*':«»+i) 
= (v : K X «, X «, X ••• X «*))©(" : «»+i) 
= I V I : ((«, X «2 X «3 X • • • X «t) X «^,) § 697. 
= I V I : (a, X flj, X a, X • • • X a» X a*+i). 

Therfor 

(«, X a^ X «, X • • • X S X «»+,) 

X [(v : ai)®(v : «j)0(v : a,)® ••• 

® (V : «^) @ (v : «^,)] 

= |v|. 

If, then, the theorem holds for k integers, it holds 
also for ^ + I. 

Therfor by the law of induction it holds for « 
integers. 

720. Theorem. If v is the least common 
multiple of the integers a,, a,, a,, . . ., a^ 
then {y : a,)® (v : a^)® (v : Oj^® • • •®(v : aj = 7/ 
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and conversely^ if the positiv integer v is a common 
multiple of the integers a^, a^, a^ . . ., a^ and 
{y : a,) ® (v : a^) ® (v : «3)@ . . . ® (v : «J = /, then 
V is the least common multiple of aj, a^, a^, "'* ^n 0- 

Both parts of this theorem follow easily from the 
preceding theorem. 

721. This theorem is equivalent to the following, 
which is the analog of § 658. 

Theorem. Having given a series of integers 
ttj, «2> ^s> • • •> ^»> ^^^^ 9f '^hich is zero ; if /jl is their 
least common multiple^ ther exists a series of 

integers 7*^, y^ Xv ' ' '* Tn* ^^^^ ^/ ^^^^ ^ ^^^ ^^ 
whose greatest common factor is unity y such that 

/^ = «iri = «2r2 = Sr3=--- = ««rn>' ^^ conversely, 
if II = a^^ = a^^ = «3;-3 = . . . = aj^, wher none of 

the integers y^, y^f Ta* ' "fTn ^ ^^^^ ^^ /A^/r greatest 
common factor is unity, then fi is the least common 
multiple of flj, a^, a^ • • ., a^. 

722. Theorem. Having given a series of n integers, 
none of which is zero, the product of their least common 
multiple and the greatest common factor of the n prod- 
ucts, each having as factors all but one of the given 
integers, is equal to the numerical value of the product 
of the given integers (^). 

This follows from § 719 by supposing 



(1) See Barrieu, p. 217 ; Lucas, p. 345 ; Tannery, p. 124. 
(*) See Lucas, p. 346 ; Barrieu, p. 217 ; Stieltjes, p. 2. 
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723. Theorem. Having given a series of n integers^ 
none of which is zero^ the product of the least common 
multiple of all the products that can beformdy each hav- 
ing as factors k of these integers^ wher ^ < «, and the 
greatest common factor of all the products that can be 
formdy each having as factors n^ k of these integers^ 
is equal to the numerical value of the product of the 
given integers Q), 

Let ttp ttj, «3, • • •, «^ be the given integers and 

V ^ OL a OL » ' -CL 
^ — "'1**2 3 n* 

Let also jSj, jS^, ^3, • • •, jS^ be the series of products 
of the a's taken ^ at a time. 

Then v is a common multiple of the ^'s and 
V : jSj, V : ^2> *^ • i®s> • • •, V : /9^^ is the series of products 
of the a!s taken ;^ — ^ at a time. 

Now 

Hence the theorem is proved. 

This theorem contains the preceding as a particu- 
lar case. 

724. Theorem. If v is a common multiple of the in- 
tegers a„ a^, «3» • • •> «n» ^^^^^^ («1 ® «2 ® «3 • • • ® «n) 

[(v : «,) X (v : «2) X (V : «3) X • • • X (^ : «J] = I H» 
provided v is not zero. 



(>) See Lucas, p. 346 ; Barrieu, p. 217. 
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This theorem is proved from § 699 by the method 
by which § 719 was proved from § 697. 

725. Theorem. Having given a series of n integers , 
none of which is zero^ the product of their greatest com- 
mon factor and the least common multiple of the n prod- 
ucts, each having as factors all but one of the given in- 
tegers, is equal to the numerical value of the product of 
the given integers (^). 

This follows from § 724 by supposing 

Or this theorem may be proved from § 723 by sup- 
posing the k of that theorem equal to « — i and using 
the commutativ law for multiplication. 

726. Theorem. Having given a series of n integers, 
none of which is zero, the product of the greatest common 
factor of all the products that can be formd, each hav- 
ing as factors k of these integers, wher k <^n, and the 
least common multiple of all the products that can be 
formd, each having as factors n — k of these integers, 
is equal to the numerical value of the product of the 
given integers (*). 

This theorem may be proved in the same way as 

§723. 

Or it follows from § 723 by putting n^ k for k and 

using the commutativ law for multiplication. 



(>) See Barrieu, p. 218 ; Stieltjes, p. 2. 
(*) See Barrieu, p. 219. 
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727. Theorem. If the integers a^, a^, a^, . . ., none of 
which is zero, ar prime to each other two by two, tJieir 
least common multiple is | a^^^ • • • |, and conversely (^). 

For the direct theorem, setting v = | a^aji^ . . . |, 
since aj, a^, o^, . . . ar prime to each other two by two, 
(v :«j)@(v \a^@(y :«3)@...= i. §666. 

Therfor v is the least common multiple of a^ a^, 

«3» • • • § 720. 

For the converse theorem, since v is the least 
common multiple of a^, a^, a^, • • ., 

(y : «i)® (1^ : «2)®('^ : s)® • • • = i- § 720. 

Therfor a^, a^, «y • • • ar prime to each other two by 

two. § 666. 

728. Theorem. Jjf the integers a^, a^, «3» ' * '» ^^'^^ ^f 
which is zero^ ar prime to each other two by two, and 
is any integer not zero, the least common multiple of 
Oa^, Oa^y Oa^f -»- is \ da^a^a^ . . . [, and conversely. 

This follows from the preceding theorem, since 

(»«i) X (/^s) X (^S) X • • • = I <? I («i X «2 X «3 X • • •)• 

§713- 

729. Theorem. If fiis the positiv integer wfdch has 

every prime factor that occurs in any one of a series of 
positiv integers, and which contains each prime factor a 
number of times equal to the greatest number of times 
that it occurs as a factor in the given integers, then ft is 
the least common multiple of those integers. 

First, since fi contains every prime factor that 
occurs in any one of the given integers a number of 

(1) See Tannery, p. 121. 
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times not less than the number of times that it occurs 
in that integer, /z is a common multiple of the given 
integers. § 640. 

Now let V be any positiv common multiple of the 
given integers. 

Then every prime factor of any one of the given 
integers must be a factor of v and must occur in i> a 
number of times not less than the number of times 
that it occurs in any one of the given integers (§ 640), 
and hence not less than the greatest number of times 
that it occurs as a factor in the given integers. 

Therfor every prime factor of (i occurs in v a num- 
ber of times not less than the number of times that it 
occurs in fi. 

Hence v is a multiple of //. 

Since, therfor, // is a common multiple of the given 
integers and every positiv common multiple is a mul- 
tiple of fi, [1 is the least common multiple of the given 
integers. 
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CHAPTER X. 

CONGRUENCE. 

730. If fi is any given integer, ^ and <p any integers, 
and we set a = j9 + (pfi, then a — ^ = (pfx. By giving 
/? and f various values we may thus obtain any num- 
ber of pairs of integers which differ by a multiple of 
fx. This is the justification for the existence of the 
following definition. 

731. Definition. An integer a is congment Q) with 
an integer /? with respect to an integer //, calld the 
modulus of congmence, when the difference « — /9 is a 
multiple of//. 

Thus, if a — - /? = ^//, a is congruent with /? with re- 
spect to the modulus //. 

The statement of congruence is written 

a = fi (mod. //), 

which is read " a is congruent with ^9, modulo //." 

The statement « = /9 (mod. /i) is calld a congru- 
ence ; a is its left member and /? its right. 

When ther is no doubt what the modulus is, or 
when several congruences ar supposed to hold with 

(1) The idea of congruence is due to Gauss. See his ** Disquisitiones 
Arithmeticae,'* p. i. See also Dirichlet-Dedekind, p. 33 ; Chrystal, 
"Text- Book of Algebra," Part II., p. 500; Tannery, p. 454. 

242 
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respect to the same modulus, we may write simply 
a = ^. 

If a is not congruent with ^ with respect to a given 
modulus //, we may write a ^ ^ (mod. ;/). 

732. If a s /9 (mod. o), « — /9=^-o = o and 
a = ^ ; and conversely, if a = ^, a — )9 = o = ^o 
and a = ^ (mod. o). 

That is, if the modulus were zero, the congruence 
a = j9 would be equivalent to the equality « = /?. 
The idea of congruence would therfor, with a zero 
modulus, be equivalent to the old idea of equality. 
It would be nothing new. 

We will, therfor, in the future assume that the 
modulus is not zero. 

738. Theorem. Any integer is congruent with itself 
with respect to any modulus. 

For a — a = o  //. 

734. Theorem. If a^ ^^ then a s /? with respect to 
any modulus, 

735. Theorem. 

If a^ ^ {mod. fi)f then ^ = « (mod, (jl). 
For, if a — ^ = <p[i^ j9 — a = (— <p)[i. 

736. Theorem. 

If a^ ^ {mod. fi), then /? ^ « (mod, fjt). 

737. Theorem. Any two integers ar congruent with 
respect to unity as a modulus. 

For a — ^ = (a — ^)X I. 

738. Theorem. 

If a^ ^ {mod. fj), then a = ^ (mod. /t). 
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For, ifa-^fi^^/x, a - ;^ = (- j?);/. 

739. Theorem. 

Jf as ^ {mod, /j)^ then a s )9 {mod. Ji). 

740. Theorem. If a^ ^ {mod, fi) and /i = v, then 
a = ^ {mod, u). 

For, ]![ a^ ^ = <p/x and /^ = v, a — ^ = ^v. 

741. Theorem. If a^ ^ (mod, fi) and 

^ = 7- (w^rf. //), then a = Y {mod, fi). 

Since a^ ^, a — ^ = ^^. 

Since ^8 s 7-, fi—r = X/^' 
Adding, a — ;- = (^ + ;f)yt4. 

Therfor asy, 

742. Theorem. Ifa = ^ and ^ ^y, then a^y, 

743. Theorem. If we hav a series of congruences in 
which the right member of each congruence , except the 
last, is also the left member of the sticceeding congru- 
ence , asa^^^y^S^e^ ..., then any integer in 
the series is congruent with any other integer in the 
series, 

744. Theorem. If a = ^, then a + f ^ ^ + y, and 
conversely. 

For the direct theorem, 

since a s j9, « — ^ = ipfi. 

Hence (« + r) — (i' + r) = W- 
Therfor a + 7- = /9 + 7^. 

For the converse theorem reverse the steps. 
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746. Theorem. If a^ ^^ then -jr + a^Y + fi, cmd 
conversely, 

746. Theorem. If a = ^ and T ^ ^9 ^^^ 
a + Y^^+8; and conversely ^ ifa + f^^-\-d and 
7* = 5, then a = ^. 

747. Theorem. The sum of the left members of a?iy 
number of congruences is congruent with the sum of the 
right members, 

748. Theorem. If a^ ^^ then a^y ^ ^ -—Xt ^^^ 
conversely. 

749. Theorem. If a = ^^ then ^^ — a = t' — ^, and 
conversely. 

750. Theorem. If a » /9 and T ^ ^f ^^^ 
a — y^^ — 8; and conversely, ifa — y^^—d and 
Y = d, then a = /9/ ifa^y^^ — d and a = ^, then 

751. Theorem. Tfas^, then ay = ^y. 
Since « s j9, a — ^ = (pfi. 
Hence (a — ^)y = {(pfj)y. 

Or ay-^^y = {(py)(i. 

Therfor ay ^ ^y. 

752. Theorem. If a^ ^, then ya = y^. 

753. Theorem. If a = ^ and y ^ d, then ay = ^8. 

754. Theorem. The product of the left members of 
any number of congruences is congruent with the product 
of tlie right members. 
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766. Theorem. If a^ ^ (mod, //), then 
ay s ^y {mod. /if), provided y ^ o ; and conversely, if 
acy ^ ^y {mod. fry), then a^ ^ {mod. fi). 

For the direct theorem, 
since a = ^ (mod. /i), a — /9 = ffi. 

Hence (a — P)y = {^/Ji)y. 

Or ay^Py = (p{jry). 

Therfor ay = ^y (mod. fry). 

For the converse theorem reverse the steps. 

766. Theorem. If a^ ^ {mod, fi) and fi'^y, then 
a s ^ {mod, fi : y\ 

Since a = ^ (mod. fjt), a — )9 = ^fi. 
Since ff^y, /^ = p and fi : y=z)^. 

Hence a — ^ = (y?;-)*^. 

Therfor as/? (mod. v). 

Or as/? (mod. // : t'). 

This theorem may be stated : If two integers ar 
congruent with respect to a given mx)dtdus, they ar also 
congruent with respect to any factor of that modulus as 
a modulus, 

767. Theorem. If a^ ^ {mod, fi) and a, ^, a?td ft 
ar all divisible by y, then a :ys ^ :y {mod, fi : y), and 
conversely. 

Since a, j9, and fi ar all divisible by y, 
a = 8y,^=i ey, and fJ^ = yy^ 
Hence, since as/? (mod. //), 
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dy = ey (mod. i^y), 
Therfor <J = e (mod. v). § 755. 

Or a :y ^ ^ \y (mod. /x : y). 

For the converse theorem reverse the steps. 

768. Theorem. If am ^ {mod. (i) and a and ^ ar 
both divisible by jy then a\y^^\y {mod, ft : (/^ ® r) )• 
Since as/? (mod. //), a ^ /? = <p/x. 

Let f^{^T =^ '^' 

Then ix = vk and ;* = 5/c, wher 1^ JJ_ d. § 604. 

Also a — ^ = y>vic. 

Since a > ;* and )9>7', « — /5>r and 

(«-^ ir^air-^'T' §479- 

Since a — ^ >► y, ^vic >► 5/c 

and (a -^ /?):;- = (^v/c) : (^/c). § 469. 

Hence f v > 5 and (a — /9) : 7^ = (^v) : 5. 
Since ^v > 5 and v Jl 5, f > 5. § 623. 

Hence (« — i9) : r = (^ • ^)^- § 467. 

Or a : T' — )9 : T' = (y? : 5)(// : ic). 

Therfor a : y ^ fi : y (mod. // : ic). 

Or a:y = ^:y (mod. // : 0"® r))- 



if/^>r, /^®r=|r|- 

Hence, in this case, a : y ^ ^ : y (mod. /^ : | r |)- 
And a : y ^ ^ : y (mod. fi : y). 

This theorem, therfor, when t^'^y, reduces to the 
direct part of § 757. 
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769. Theorem. 

If a^ ^ (mod, fJL) and a and ^ ar both divisible by 7*, 
wher /« li T', then a\y ^ ^ \y {mod, /jl) Q). 
For, if // Jl ;-, //0r=i. 

760. Theorem. Any integer is congruent with each 
of the remainders that it leaves when divided by the 
modulus. 

For, \{ a=^ <piJL + py a — p = ffi, 

761. Theorem. If a^ p (mod, p), wher | ^ | < | // [, 
then p is one of the remainders obtaind by dividing a 
by p, §521. 

762. Theorem. If two integers ar congruent^ they 
leave the same remainder when divided by the modulus y 
attd conversely. 

For, if j9 leaves the remainder />, ^ s />. 
Hence, if a s j9, a = p, wher | /> | < | // 1. 
Therfor, when a is divided by //, a remainder is p, 

§ 761. 
Conversely, if a and ^ both leave the remainder />, 

a s /> and ^ ^ p> 
Therfor a s ^. 

763. Theorem. Jf two integers ar congruent and 
either is divisible by the modulus ^ the other is also ; and 
conversely y if each of two integers is divisible by the 
modulus y they ar congruent, 

764. Theorem. If two integers ar congruent and 
either is divisible by a factor of the modulus , the other is 
also. 



(1) See Tannery, p. 466. 
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766. Theorem. If fi is any given modtduSy all the 
integers^ when written in the order of increasing mag- 
nitude y may be divided into successiv groups of\fi\ eachy 
so that the integers in each of these groups y taken in 
order y ar congruent with o, i, 2, 3, • • •, | /^ | — i. 

The first integers in the successiv groups will be 
the various multiples of /z 

• • •, —ll^y - 2fi, T hy o, ;", 2[ly IfXy . . ., 

if II is positiv, 

• • •, IP-y 2;/, /i, o, — ;/, — 2iiy — 3;/, . . ., 

if {x is negativ. 
If (pyL is either of these multiples, the group of 
which it is the first integer will be 

y'/^* f/^ + i> f/^ + 2, y^;^ + 3, • • •, f;^ + ( I /^ I — 0- 
These integers ar in each case evidently congruent 

witho, I, 2, 3, ..., |//| — I. 

766. Definition. This principle is calld the periodicity 
of the integers with respect to a given modulus. 

767. Definition. A cyclical arrangement of any set 
of things, given in a certain order, as, for example, 
the letters ^, by r, dy Cy f is an arrangement obtaind 
by dividing the set into two parts at any place 
and then making the first part the second and vice 
versa, the order of the symbols in each part being 
unchanged. 

Thus by Cy dy Cyfy ^^ and Cyf ay by Cy d ar cyclical ar- 
rangements of the above set of letters. 

The original set unchanged is also said to be a 
cyclical arrangement of itself. 
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768. Theorem. If [lis any given modulus and any 
group of \ii\ successiv integers ar taken^ they ar con- 
gruent, in order ^ with some cyclical arrangement of the 
integers o, i, 2, 3, • • -, | // 1 - 2, | ^m | - i. 

Let fpiJ' + p be the first of the given group of 
integers, wher p is positiv and numerically less than //, 

§ 522. 

Then the group of integers will be 

W + pyW + P+ I, ^'/^ + jO + 2, . . ., 

f'/' + /> + ( I Z' I - 2), f // + p + ( I /^ I - i). 

These differ each by a multiple of [x from the cor- 
responding integers of the group 

/>, ^+ i,/> + 2, ..., /> + (|//|-2), /> + (|//|-i). 

Therfor the integers of the first group ar respectivly 
congruent with these integers. 

Now set I // 1 = jO + #c, wher k is positiv. 
Then the latter group may be written 

/>, /> + I, /> + 2, •••,/> + (>« — 2), /> + (#c — I), /> + K, 

^ + (« + I ), • • •, /> + ( I // 1 - 2), ^ + ( I ;. I « I ), 
or 

These ar congruent respectivly with 

/>,/>+!, p+2, ..., |//|-2, |//|-i, o, I, ...,/>-2,/>-I. 

Therfor the original group of integers ar congruent 
respectivly with these integers, which ar a cyclical ar- 
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rangement of the integers 

o, I, 2, 3, ..., [;x|-2, !//|- I. 

769. Theorem. Any group of \ii\ successiv inte- 
gers ar congruent, in order, with respect to the modu- 
lus //, with some cyclical arrangement of the set 
of \ii\ integers obtaind from the set of integers 
o, I, 2, 3, • • •, I // 1 - 3, 1 // 1 - 2, I ;x I - I by replacing 
any or all of them by the corresponding integers of the set 

o, -(kl-i), -(1/^1-2), -(|//|«3), •••, 

-3,-2,-1. 
For, if p is the positiv remainder obtaind by ap- 
proximately dividing a given integer by yw, and a the 
corresponding negativ remainder, ^ = — ( | ;" | — />). 

§518. 

770. Theorem. In particular, any group of\ii\ suc- 
cessiv integers ar congruent, in order, with the integers 

^a, —{a— i), - (a - 2), • • ., 

-3, -2, - 1,0, I, 2, 3, ..., 

|//|-a-2, |//|-a- I, 

wher a is either zero or positiv and less than | // 1. 



FUNDAMENTAL IDEAS. 

1. Number. § i. 

2. Equality. § 5. 

3. Sum. § 37. 



AXIOMS. 

1. a = a. § 6. 

2. l{ a = 6, then 6= a, § 7. 

3. If a=: 6 and 6 = c, then a =s c. § 34. 

4. ^ + 3= ^ + ^. §41. 

5. If a = 6, then ^ 4= ^ + ^- § 43- 

6. If ^ 4= ^> ^^^^ ^s some number c, such that either 
^ = ^4.3or^ + ^=^. § 45. 

7. If a = 6, then ^ + r=^ + r. § 46. 

8. If ^ 4= ^, then a + c ^ 6 + c, § 47. 

9. (^ + ^) + r=^7+(^ + 4 § 54. 

10. Every number, except one, is the sum of two 
numbers. § 61. 

The author does not include § 40 in this list of axioms, as he has 
become convinced, since the electrotyping of most of the book that § 40 
is not properly an axiom. That the number of objects in the group ob- 
taind by joining two groups should be unique is a prerequisit to the 
definition of the symbol a -\- d. If this number were not one-valued, 
a -{- d would not be defined. See § 416. 
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